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TRANSFORM ANALYSIS FOR POINT PROCESSES AND APPLICATIONS
IN CREDIT RISK
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This paper develops a formula for a transform of a vector point process with totally
inaccessible arrivals. The transform is expressed in terms of a Laplace transform un-
der an equivalent probability measure of the point process compensator. The Laplace
transform of the compensator can be calculated explicitly for a wide range of model
specifications, because it is analogous to the value of a simple security. The transform
formula extends the computational tractability offered by extant security pricing mod-
els to a point process and its applications, which include valuation and risk management
problems arising in single-name and portfolio credit risk.
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1. INTRODUCTION

A point process is a stochastic model for the arrival of events. In finance, point processes
are used to describe the timing of corporate and sovereign defaults, the arrival of orders
in a limit order book, and the timing of jumps in asset prices. This paper develops a
formula for a transform of a point process. The transform facilitates the treatment of a
range of applications, including the valuation and risk management of securities exposed
to the credit risk of a single or multiple firms, the prediction of order arrivals in a limit
order book, and the measurement of risk in asset portfolios.

To outline our results, let L be a vector of d point processes with totally inaccessible
arrivals and positive and independent and identically distributed jump amplitudes, r be
a stochastic discount rate process, and Y be a nonnegative random variable that may
represent a cash flow at a horizon 7. The component point processes of L may be
correlated, and both r and Y may depend on L. For w,z > 0,u € Ri and t < T, we
consider the point process transform

T
(1.1) E |:exp (—w / rsds) e~ Yullr=L) | ]—',] .
t

For w = z =0, (1.1) represents the Laplace transform of Ly — L,, which encodes the
conditional distribution of L. More generally, for suitable functions %, (1.1) can be
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inverted to obtain an expression for the “conditional expected payoft”

T
(1.2) E |:exp <—w/ r.).ds) h(Y, Lr) ’ .7-}] .

To appreciate the significance of the transform (1.1) for credit risk applications, suppose
the point process L describes the losses in d portfolios of defaultable assets such as loans
or corporate bonds. Then the expectation (1.2) could represent the price of a credit
derivative referenced on these portfolios such as a credit or tranche swap, the conditional
distribution of total losses at 7', or other portfolio risk measures. By exploiting the
multivariate formulation and letting some of the components of L represent the losses
due to counterparty default, we can address the implications for derivatives valuation
of counterparty risk. Moreover, the dependence structure between the loss events of
the components of L, the discount rate r, and the payoff variable Y is not constrained,
allowing for the modeling of the correlation between defaults within and across portfolios,
the flight-to-quality phenomena observed during the crisis of 2007-2009, the dependence
between default and recovery rates documented by Altman et al. (2005), as well as self-
and cross-exciting effects. The latter effects may be associated with contagion, by which
the default by one name has an impact on the conditional default rates of other names,
within and beyond a portfolio. Azizpour, Giesecke, and Schwenkler (2010) provide strong
evidence of the presence of contagion effects for US corporate defaults, after controlling
for the exposure of firms to observable and frailty risk factors.

We show that the point process transform (1.1) is given by L¥(y(u), z, w, T), where
¥ (u) is a d-vector of functions ¥, (u,) = 1 — [ exp(—u,x)F"(dx) with F" the law of the
jump amplitudes of the component point process ", and where

T
(1.3) Liv,z,w, T)=E" [exp <—w / r'\.ds) e P dr=A) )f,]
t

is a Laplace transform of the Doob—Meyer compensator A to the process counting
the jumps of L. The Laplace transform (1.3) is taken under an equivalent probability
measure P* defined by the Radon—Nikodym derivative exp(y(u) - Ay —u - Ly). It is a
familiar expression in finance. To see this, suppose the jumps of L arrive with intensity
A, 1.e., d A, = A dt. Consider a security that pays exp(—zY) at time 7. The price of this
security is analogous to (1.3) once we regard the process wr + v - A as the short rate. The
explicit calculation of the security price is well understood for a large class of short-rate
processes and payoffs Y; see Cheng and Scaillet (2007), Duffie, Pan, and Singleton (2000),
Leippold and Wu (2002), and others. Our results extend this computational tractability
to the point process transform (1.1) and its various applications.

The measure change underlying the Laplace transform (1.3) may not be necessary if
L is a doubly stochastic Poisson process, i.e., if the jumps of the elements of L arrive
according to independent Poisson processes given a realization of the compensator A.
If this property is violated, in the presence of contagion effects, for example, or if the
discount rate responds to events as with flight-to-quality effects, then the measure change
“neutralizes” the self- and cross-excitation of the components of L. After the change of
measure, L tends to jump less frequently because A is scaled down by a factor depending
on the transform variable u. The larger the elements of u, the less frequent are the arrivals.
As u — oo, the compensator vanishes after the change of measure.
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Our equivalent change of probability measure is related to two other measure changes
that have been developed in the credit risk and options pricing literatures. Collin-
Dufresne, Goldstein, and Hugonnier (2004) introduce an absolutely continuous change of
probability measure that facilitates the calculation of the probability P(Ly — L, = 0| F;)
and of the prices of defaultable securities. The associated measure puts zero mass on
paths for which events arrive before 7'. This absolutely continuous measure is obtained
as the limit of our equivalent measure P* as u — oo. Carr and Wu (2004) introduce a
complex-valued measure change to develop a formula for the Fourier transform of a
time-changed Lévy process, which is obtained by evaluating each of the elements of
a d-dimensional Lévy process at a common stochastic clock. The associated complex
measure is equivalent to the reference measure but not a probability measure. This com-
plex measure formally coincides with the measure P* we propose, if the Radon—Nikodym
derivative is extended to the complex plane, and if the point process L can be represented
as a time-changed Lévy process in the sense of Carr and Wu (2004). This representation
exists only if the components of the compensator vector A4 are the same, i.e., if the events
in each of the component processes of L share common arrival dynamics.

Our transform formula generalizes various existing formulae for the transforms of
specific point processes. These include the formula developed by Ding, Giesecke, and
Tomecek (2009) for a transform of a univariate point process obtained by time-changing
a linear birth process with an independent process, the formula provided by Carr and
Wu (2004) for a transform of a point process obtained by time-changing each of the
components of a vector Poisson process with a common process that may depend on the
Poisson process, and the formula developed by Errais, Giesecke, and Goldberg (2010)
for a transform of a vector point process with affine structure. The transform formula
we develop in this paper does not require any specific representation or structure.

Section 2 introduces the point process and our assumptions, and outlines the measure
changes proposed by Collin-Dufresne, Goldstein, and Hugonnier (2004) and Carr and
Wu (2004). Section 3 develops our equivalent change of probability measure. Section
4 provides the transform formula and discusses its computation. Section 5 provides an
example. Section 6 shows how to use the transform to address several applications in
single-name and portfolio credit risk. Section 7 concludes.

2. POINT PROCESSES AND MEASURE CHANGES
2.1. Point Processes

We fix a complete probability space (2, F, P) and a right-continuous and complete
information filtration F = (F,),»¢. Ford € N,let N = (N', ..., N) be a vector of nonex-
plosive counting processes, each starting at 0. The totally inaccessible jump times (7");>;
of N" represent the ordered default stopping times in portfolio n. The default times may
be correlated within a portfolio and across portfolios. However, we assume that there are
no simultaneous defaults: AN AN;" = 0 almost surely for all # and m # n.

The Doob-Meyer theorem guarantees the existence of a process 4= (A4', ..., 4%
such that M = N — A is a local martingale. The compensator A has elements A" that
are nondecreasing and continuous almost surely. It is unique up to indistinguishability.
Throughout, we fix a finite horizon 7' > 0 and suppose that for each n,

2.1 E(exp (A7) < oo.



TRANSFORM ANALYSIS FOR POINT PROCESSES 745

For each portfolio n, let (£});>; be a sequence of i.i.d. random variables with distri-
bution F” on (0, co) satisfying fooc XF"(dx) < oco. The variable £ € Fr» represents the
financial loss at the ith default in portfolio n. We require P(¢] € dx|Fr) = F"(dx)
for all i > 1. The sequence (¢}) is independent of (£") for all m # n. The loss process
L= (L',..., L% records the cumulative loss in each of the d portfolios:

(2.2) L=+ 4 0.

We develop a measure change method for computing a transform of the point process
L. The measure change we propose extends or complements two other measure changes
that have appeared in the credit risk and options pricing literatures. To provide some
perspective, we outline these other measure changes below.

2.2. Absolutely Continuous Measure Change

In an innovative paper, Collin-Dufresne, Goldstein, and Hugonnier (2004) introduce
an absolutely continuous change of probability measure that facilitates the calculation
of P(N7}. = 0) and related quantities. They introduce a probability measure P° on Fr
defined by

23) PX(B)=E(S{ls). BeFr

with density

(24) S;w = TI; = I{N”:()} exp(A”T)
The measure P° is absolutely continuous with respect to P. Because the probability
P(S} = 0) = P(N}. > 0) > 0, the measures P and IP;° are not equivalent, however. Letting
Es° denote expectation relative to IP;°, we nevertheless have

P(N}. = 0) = E(Sjexp (— 47}))
(2.5) =EX(exp (— A47)).

Formula (2.5) reduces the calculation of P(N7. = 0) to the calculation of the Laplace
transform of the compensator 4} evaluated at 1, taken under the absolutely continuous
measure P;°. The measure P)° puts zero mass on paths for which N" jumps by time 7,
i.e., paths with defaults in portfolio n prior to 7. The Girsanov theorem for absolutely
continuous measure changes developed by Lenglart (1977) prescribes the dynamics of
A" under IP}°, and facilitates the computation of the Laplace transform of 4" under IP;°.
Only local P-martingales V for which [V, N"] > 0 will be adjusted when the measure is
changed. In particular, the compensator of N” under IP° is null on [0, 77.

To illustrate, let X be a risk factor solving d.X; = w(X,)dt + o(X,)dW, + dN; for
suitable functions p and o, where Wis a standard Brownian motion and the compensator
A" = [ A"(X;)ds for a suitable function A”. Since W is a P;°-Brownian motion and the
P>°-compensator of N" is null, X follows a diffusion d.X;, = u(X,)dt + o(X,)d W, on
[0, 7] under P;°. We see that the calculation of the Laplace transform E;°(exp(—v A7%))
for v > Ois analogous to the calculation of the price of a nondefaultable zero bond paying
1 at T when the short rate follows v A”(X). This calculation is standard for a range of
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specifications of (i, o, A"), including affine and quadratic models. It is this property that
renders formula (2.5) attractive from a computational perspective.

Formula (2.5) has applications in single-name credit risk. Take 7, = inf{r : N}’ > 0}
as the default time of name #n. Then (2.5) provides a formula for the survival probability
P(t, > T) = P(N}. = 0). This formula does not require the “no-jump hypothesis” of
alternative survival probability formulae developed by Lando (1998) and others. The no-
jump hypothesis is violated when N” is self-exciting, as in the jump-diffusion intensity
formulation discussed above. Here, 4" is influenced by N".

While mainly designed for a single-name setting, the absolutely continuous measure
change has also applications in portfolio credit risk. Since the elements of N do not have
common jumps, the product of the component densities

Sp= Shx.ox 8!
(26) = I{NT:O(/} CXp(ld . AT)

defines an absolutely continuous probability measure
(2.7 P>*(B) = E(Srlp), Be Fr.

Here and below, x; denotes a d-vector with elements x. The measure P facilitates the
computation of the joint survival probability:

Pty > T,...,7a > T) = P(Nr = 04) = E(Srexp(—14 - Ar))
(2.8) = E*(exp(—14 - A7),

where E* denotes expectation relative to P*°. Formula (2.8) provides an expression for
the distribution of the first-to-default time min(zy, ..., t;), a quantity playing a key role
in the valuation of basket derivatives; see Duffie (1998).

2.3. Complex-Valued Measure Change

In an insightful paper, Carr and Wu (2004) introduce a complex-valued measure change
to develop a formula for the Fourier transform of a time-changed Lévy process Y =
(X}, ..., X?), which is obtained by evaluating each of the elements of a d-dimensional
Lévy process X = (X1, ..., Xd) at a common stochastic clock 8 = fo ¥,ds, where ¢, > 0.
Carr and Wu (2004) consider a complex measure ” on F7 defined by

(2.9) n'(B) = E(Ur(v)1g), BeFr,
for v € RY, with complex-valued density
(2.10) Ur(v) = exp(Wx(v)or +iv - Y1),

where i = +/—1, and where Wy is the characteristic exponent of X. The measure 5" is
equivalent to IP but not a probability measure. Carr and Wu (2004) compute

E(exp(iv - Y1) = E(Ur(v) exp(—=W x(v)07))
(2.11) = E, (exp(=V¥x(v)f7)).

where E,:(V) means [ V(w)dn'(w) for random variables V. The calculation of
the Fourier transform of Yy reduces to the calculation of a “Laplace transform”
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E,(exp(—uér)), u € C, of the time change 6 = fol Yds under the complex measure
n”. Formally, this Laplace transform is analogous to the price of a nondefaultable bond
paying 1 at 7 when the short-term rate of interest is u®. It is this analogy that renders
formula (2.11) attractive, similarly to formula (2.5). Relative to the absolutely continuous
measure change of Section 2.2, the complex-valued measure change generates additional
issues that need to be addressed when calculating E,» (exp(—u67)) for a given specification
of the time change 6. One such issue is the extension of the notion of a Brownian motion
to the complex measure, and a corresponding Girsanov theorem.

The scope of the complex-valued measure change approach to the calculation of the
Fourier transform also includes the point process L = (L', ..., L) if there exists a Lévy
process X = (X',..., X¥) and a scalar time change # such that L can be constructed
as (X1, ..., X?). Such (X, ) exist only in the special case that 4' = --- = 47, i.e., if all
components of N have the same dynamics. In that case, we can take X as a standard
compound Poisson process and & = A'. Thus, the scope of the transform formula (2.11)
includes only point processes with a particular structure.

3. EQUIVALENT CHANGE OF PROBABILITY MEASURE

We develop an equivalent change of probability measure that includes the absolutely
continuous measure change (2.3) of Collin-Dufresne, Goldstein, and Hugonnier (2004)
as a limiting case, and that is, in case d = 1, analogous to the complex-valued measure
change (2.9) of Carr and Wu (2004). This measure change allows us to express a transform
of L in terms of a Laplace transform of the compensator 4. In our case, the Laplace
transform of A is taken under an equivalent probability measure rather than a complex
measure or a probability measure that is only absolutely continuous. This, in turn,
facilitates its interpretation and computation. The resulting formula for the transform of
L applies to any point process with continuous compensator satisfying (2.1).

PROPOSITION 3.1. The stopped process (Z;,7(u)) defined for u R‘i by
(3. Zy(u) = exp(Y(u) - 4 —u - Ly),
where Yr(u) = (Y1 (1), . .., Ya(ua)) and
(3.2) Yulc)=1-— /:O e “F'(dx), c¢=>0,
is a uniformly integrable martingale and induces an equivalent probability measure

(3.3) PY(B) = E(Zr(u)l5), B e Fr.

Proof. Denote the random counting measure associated with the marked
point process (7", ¢!);>1 by w"(dt,dx). Thus, N}’:fO’ Jo° w'(ds,dx) and L=
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fot fooo xu"(ds, dx). Since L" is a pure jump process, for any v > 0 we have

e =1 + Z v 7tL’\’7)

O<s<t
t [ee)
-1 +[ / (6717(142'74»)() 71 I’L) n(ds’ dx)
0 Jo
t [e'e)
(3.4) — 1+ / / (e = Dy(ds, d).
0 Jo

Since A" is continuous,

t
RACY . +/ eIy, (v)d A
0

t [e%e}
(3.5) =1- / / eV WA (e — 1)W'(ds, dx),
0 JO

where v"(dt, dx) is the dual predictable projection of w”(dt, dx); see Dellacherie and
Meyer (1982) for the general case and Jacod (1975) for the point process case. Since the
marks satisfy P(¢] € dx|Fp_) = F'(dx) for all i > 1, we have v"(dt, dx) = d A} F"(dx),
where d A" represents the random measure associated with the nondecreasing process
A". By Stieltjes integration by parts and (3.4) and (3.5), we get

Zi(v) = eh 011

t t
= / VA d(em ) + f ) R G
0 0

(3.6) —1+ [ ' [z oxe = 1t as. a0 - vas.
0 JO
Because

/[ [m(u”(ds, dx) —V"(ds, dx))
o Jo

defines a local martingale, (3.6) shows that Z"(v) is a local martingale.
Since A" is nondecreasing, we see that for v > 0

sup| 27, 1(v)| < supexp (v (1) 4], ) < exp (47).

It follows that sup,. | Z;, (v)| is integrable since exp( A7) is, by condition (2.1). Then, by
Theorem 51 in Chapter I of Protter (2004) (Z], 7(v)) is a uniformly integrable martin-
gale, and so is the product (Z 7)) = (Z., (u1) - - - Z 1(uq)), because the component
processes of L do not have common jumps. O

There are two special cases of interest. Because Z7(0,) = 1, we have P% = PP, the
reference probability measure. Since lim, ., ¥ (u) = 1, by dominated convergence, and
the jumps of L are strictly positive almost surely, we also have

(3.7) Jim Zr(u) = 1i1,—0,) exp(la - Ar) = St

almost surely, where Sy is given by the product (2.6) of the densities (2.4) inducing
the absolutely continuous measures (2.3) of Collin-Dufresne, Goldstein, and Hugonnier
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(2004). Thus we obtain the absolutely continuous measure P> defined by Sy as the
limiting measure

(3.8) lim P“(B) = P*(B), Be Fr.
u—00

The complex measure (2.9) of Carr and Wu (2004) can be obtained in the special case
that A' = ... = 47 In this case, L can be constructed by time-changing a compound
Poisson process using a time change 6 = A!, see Section 2.3. Extending the density Z;(u)
defined by (3.1) to purely imaginary numbers by setting u = —iv, we see that P¥ = P~"
is a complex measure that coincides with " for v € R,

4. POINT PROCESS TRANSFORM

The equivalent probability measure of Proposition 3.1 facilitates the computation of the
point process transform
]-',}

where w,z>0,u € Ri, t < T,r is an adapted nonnegative and bounded discount rate
process, and where Y € Fr is a nonnegative random variable that represents a cash flow
at T. Both r and Y may depend on L. The transform (4.1) encodes the distribution of
L, the prices of securities exposed to L and Y, and other quantities of interest. Section 6
provides illustrative examples.

T
4.1) o, z,w, T)=E [exp (—w / r_yds> e Ymullr=Lo
t

PROPOSITION 4.1. The point process transform satisfies

(4.2) @i, z,w, T) = Li(Y (), z,w, T)

fort < T,ueRiandz,wzO,whereforveRi

T
(4.3) Liwv,z,w, T)=E" [exp (—w / rsds> e Y dr=4) ’ ]-',] .
t

Proof'. By the definition of Z(u), we have

7 T
QDI(M, zZ, W, T) =E |: T(M) p (—W / rde) e—:Y—I//(Ll)-(AT—Ar) ‘ f[i|
t

Zi(w) ©

T
_ g [exp (_W / ,,de) oYV @ (A= 4) } _7.‘[]
t

and this yields the assertion. O

Formula (4.2) implies that the Laplace transform of a point process L with totally in-
accessible arrivals is given by the Laplace transform of the counting process compensator
A evaluated at v, the Laplace exponent of a compound Poisson process. The Laplace
transform of A is taken under an equivalent probability measure P“. To calculate that
transform, consider the specification of A4 in terms of a nonnegative intensity process
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A= ..., A% such that, for each n,

t
(44) A = / A" ds
0

almost surely. The process A" is the density of the random measure associated with A"
relative to Lebesgue measure. It represents the conditional mean arrival rate of defaults
in portfolio 7 in the sense that E(N;, , — N/'| F;) ~ A} A for “small” A > 0. With the
representation (4.4), the Laplace transform (4.3) takes the form

T
4.5) LY, z,w, T)=E" |:exp (—/ (wry +v -As)ds) e 7Y ’ ]-",] .
t

The expectation on the right-hand side of equation (4.5) is a familiar expression in
finance. Consider a security that pays exp(—zY) at time 7. The price of this security at
t < T is analogous to formula (4.5) once we regard the process (wr + v - 1) as the short-
term rate of interest. The explicit calculation of this price is well understood for a broad
class of interest rate processes; see Cheng and Scaillet (2007), Duffie, Pan, and Singleton
(2000), Leippold and Wu (2002) and others. Thus, Proposition 4.1 extends the analytical
tractability offered by extant term structure models to the point process transform (4.1)
and its applications, as discussed in Section 6 below.

The basic transform formula (4.2) can be extended in several directions. Using a
multiparameter time index, we can compute the transform of a vector (le), ey L?(d))
of point processes evaluated at several time horizons 7(n). Another equivalent change
of measure facilitates the computation of the transform of (L, N), where N counts the
jumps of L. The associated Radon—Nikodym derivative involves a correction term that
compensates the common jumps of L and N.

PROPOSITION 4.2. On the interval [0, T1, the counting process N" has P*-compensator
(I — ¥ (uy)) A" and the P*-law of the loss magnitude €' is given by

1
(4.6) P(¢} € dx) = m exp(—u,x)F"(dx).

Proof. Theorem 4.1 in Jacod (1975) implies that there exists a positive, finite, and
predictable process (£"(¢, x)) indexed by x € R such that the random counting measure
w"(dt, dx) associated with the marked point process (7", £7) has predictable projection
under the equivalent measure P* given by

4.7) c"(t, x)v"(dt, dx),

where v"(dt, dx) is the predictable projection of u”(dt, dx) under P. The process (¢ (z, x))
can be identified from formula (14) in Jacod (1975), which implies an explicit expression
for the Radon—Nikodym derivative process Z = Z! - -- Z% in terms of the " (¢, x) and the
V"'(dt, dx). Using the continuity of the 4", the expression takes the form

d t poo
[TTT e e ([ [~ - dn).

n=1i:T"'<t
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Using the fact that v"(dt, dx) = d A} F"'(dx), we see that this expression is equal to
Zi(u) =exp(Y(u) - Ay —u- L) foru e Ri if and only if ¢"(z, x) = exp(—u,X).
Returning to (4.7), we write the predictable projection of u"(dt, dx) under P* as
exp(_unx) n

(4.8) 1 1Mun)(l Vn(un))v"(dt, dx),

where 1 — v, (u,) = E(exp(—u,£})). The first factor in (4.8) represents the Radon-
Nikodym derivative of the law of £} under P* with respect to the law F”(dx) under IP; for-
mula (4.6) follows immediately. The normalization guarantees that fooc P} edx) =1
for all u, as desired. The second factor (1 — v, (u,)) in (4.8) represents the Radon—
Nikodym derivative of the random measure associated with the P“-compensator of
N" with respect to d A”. Thus the P“-compensator is given by fd(l — Y (up))d A} =
(1 - wn(un))An~ O

Proposition 4.2 facilitates the calculation of the Laplace transform (4.3) of the com-
pensator A, which is taken under P*. While a P-Brownian motion remains a Brownian
motion under the measure P“ (as any other local martingale that does not have jumps in
common with any of the N”), the compensated local jump martingale N — A4 does not
remain a local martingale under P“. This means the compensator 4 must be adjusted
when the measure is changed. Proposition 4.2 states that the compensator 4" to N” is
scaled by the P-Laplace transform of the loss magnitude 1 — ¥,(u,) = E(exp(—u,£7))
when the measure is changed to P*. Since E(exp(—u,£])) <1, N" tends to jump less
frequently under P than under P. Under the absolutely continuous limiting measure
P> = lim,_. o, P, the compensator vanishes on [0, 7], meaning that P*(N; = 0,) = 1.
Note that also the law F”'(dx) of the loss magnitude £] must be adjusted. From formula
(4.6), the P“-Laplace transform of ¢7 takes the form

E(exp(— (v +u)l)) 1 —y(v +u,)

(49) E'(exp(—ve])) = E(exp(—u,l)) 1 —=vu(us) ~ =

The measure change may not be necessary when N is a doubly stochastic Poisson
process. The process N is a doubly stochastic Poisson (or Cox) process if its compensator
A is adapted to a right-continuous and complete sub-filtration G = (G,),>¢ of F, and the
increments N7 — N;' are independent across n and have, given the sigma-field F; v Gr,
the Poisson distribution with parameter A} — A4}; see Brémaud (1980):

d

AL — A1y , .
(4.10) PNy — N = m| F, v Gp) = [ | LA ot
n=1 My
fort < Tandm = (my,...,my) € Ng’. Equivalently, letting ¢(u) be the d-vector of func-

tions (1 — e~*r), a doubly stochastic Poisson process has conditional transform
(4.11) E(e~Nr=N) | £, v Gp) = e~ #(Ar—4)

PROPOSITION 4.3. Suppose N is a doubly stochastic Poisson process relative to G C F.
Also suppose the discount rate process r is G-adapted and that Y € Gp. Then

(4.12) L, zw, T) = LY (v, z,w, T)

forallu,veRi,tfT,andz,sz.
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Proof. By the definition of the measure P* and a doubly stochastic Poisson process,
iterated expectations, and the measurability properties of (A, r, Y), we have

d

r T
—F exp <—W / I‘Sds) e—zY—(V—\lf(u))-(AT—Ar)E(e—u-(LT—Lz) | Fi v gT) ‘ }'{I
L t

r T
= ]E exXp <—W / rsds> eiZY*v.(AT*Ar) ’ff] ,
L t

where the last equality is due to the independence of the loss magnitudes £/ across i
and n, and the doubly stochastic property (4.11) as well as the fact that conditional on
Fi V Gr, the components of Ny — N, are mutually independent:

[ Zr(u) ( fT ) Vv A
LYy, z,w, =E exp | —w rods | e 7Y 1)
t( T) _Zr(u) p ,

E(efw(erL/) | F, v Gr) = l—[;f:l E(€10g(l*%(un))(i\f%*]\”/) | Fo v gT)

d
— H e~ ¥n(=log(I = (w))(A7— A7)

n=1
— o VA=A,

This completes the proof. U

The key property of a doubly stochastic Poisson process N is that its compensator
A is adapted to a filtration G C F with the property that an event {N;' = m} is never
contained in G;. Therefore, a doubly stochastic Poisson process cannot be self- or cross-
exciting, i.e., N cannot influence 4. In the general case, the arrivals of N may have an
impact on the dynamics of 4, as in the default timing models developed by Arnsdorf
and Halperin (2008), Duffie et al. (2009), Errais, Giesecke, and Goldberg (2010), Jarrow
and Yu (2001) and many others."! Then, the measure change is necessary. The measure
change is also required in case N is doubly stochastic relative to G but the discount rate
is not G-adapted or the payoff Y is not Gr-measurable. This occurs in a situation with
flight-to-quality effects, where the risk-free rate responds to defaults, or in a situation in
which the payoff Y depends on Ly or Nr. Section 5 provides an example.

It turns out that the point process transform can always be expressed in terms of the
Laplace transform 5?"(\1, z,w, T) of the compensator under the reference measure P,
even if N is not doubly stochastic. However, the expression is complicated and difficult to
evaluate, since it involves the conditional expectation of the discounted jumps common
to the P-Laplace transform and the point process.

PrROPOSITION 4.4. Letting Y, = Y,(u,z,w, T) = E?"(w(u), zw,T) for t <T,u e Ri
and z, w > 0, the point process transform satisfies

4.13) o, z,w, T)=Y, + Z E [exp (—w/ rvdv) AY,Ae =1 ‘ ]-',] .
t

t<s<T

' Note that the doubly stochastic property is generally not invariant under an equivalent change of
measure. This is relevant in empirical applications, when L is first specified under the physical measure. Even
if Lis doubly stochastic under the physical measure, the change of measure to a risk-neutral pricing measure
may introduce self- or cross-excitation into L, as in Kusuoka (1999).
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Proof. By definition of C?"(v, z,w, T), for fixed (u, z, w, T) we have that

T
Y=E [exp (—w / reds — zY) e VW (Ar=A) .7-',j|
t

and it is obvious that the process (V;);<r defined by

V= Yexp (—W/ reds — Y (u) - Ar)
0

T
=E [exp (—w / reds — ZY) e V-Ar
0

is a martingale. If moreover we define

t
U = Yexp (—w f reds —u - L,)
0

then by comparison of U; and ¥; we see that

7

U=VZu)

where Z(u) is the Radon—Nikodym density process (3.1). By integration by parts,

t t
U=+ [ vedzw+ [ Zowarv+ ¥ avazw
0 0

O<s<t

where
AV, = AY,exp (—w /S rydv — Yr(u) - AS)
0
AZ () = (Ae L)y exp(y (u) - ).

Since both V; and Z,(u) are martingales for ¢ < T, we have

E(Ur|F)=U +E ( Z AKAZV(U)|-7'-1)

t<s<T

i 5 oforsctron (oo [ ) 7]
0

t<s<T

On the other hand,

T
E(U7|F) =E |:Yrexp (—W / reds —u - LT> ‘f,i|
0

-
=E [exp (—w / reds — zY) e wLr=L)
t

t
= ¢(u, z,w, T)exp (—w/ reds —u - L,> .
0

Therefore,
5
ou, z,w, T) =Y, + Z E |:exp (—w/ mdv) AY,Ae L= 1) ‘]-',j|
t<s<T !

as claimed.
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t
5’-',] exp (—w / reds —u - L,)
0
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By Proposition 4.3, the conditional expectation of the common jumps in (4.13) vanishes
if the counting process N is doubly stochastic relative to a subfiltration G, the discount
rate r is G-adapted, and the payoff Y € G. If one of these conditions is violated, then
the conditional expectation is nontrivial, and it is not obvious how to evaluate it. Our
equivalent measure change eliminates the need to compute this conditional expectation,
and leads to an expression for the point process transform that is convenient to evaluate
even in the case that the point process is not doubly stochastic.

Proposition 4.4 is related to Proposition 1 of Duffie, Schroder, and Skiadas (1996),
which expresses the price of a security exposed to the default of an issuer in terms of a
discounted P-Laplace transform of the compensator of the issuer’s default indicator pro-
cess and the expected discounted jump at default of the Laplace transform. Proposition
4.4 generates this expression when taking L to be one-dimensional and letting u — oo.

5. AN EXAMPLE

To illustrate the properties of the measure change and the calculation of the Laplace
transform L¥(v, z, w, T), we consider a basic one-dimensional formulation. Let X be a
risk factor solving the SDE

(5.1 dX, = wX)dt+o(X)dW, +8dL;, Xy eR,

where W is a standard Brownian motion in R, the jump sensitivity § > 0, the compen-
sator A= [; A(X)ds for a suitable function A : R — R, and u and o are suitable
functions from R to R. The functions (i, o, A) are chosen such that A7 satisfies (2.1) for
T > 0. Special cases of Linclude the compound Poisson process (o (x) = § = 0), the com-
pound birth process (u(x) = o(x) = 0), and the compound Hawkes process (o(x) =0
and u(x) = wo + w1 x for constants o and w;). Because L has an influence on X, and
X governs the intensity A = A(X), the point process L is self-exciting. The jump sizes of
L, which represent the loss magnitudes, govern the response of A to arrivals of N. This
feature generates a negative dependence between recovery and default rates, consistent
with the empirical observations of Altman et al. (2005). Our specification is completed
by taking the discount rate r = R(X) and payoff Y = y(X) for functions Rand y from R
to R... This formulation implies that also the risk-free rate responds to defaults, allowing
us to model flight-to-quality effects.
The P“-Laplace transform (4.3) of A takes the form

T
(5.2) L', z,w, T)=E" [exp (- f [wR+ vA](XA-)ds> e ) ]—',} )
t

To compute this transform, we note that Proposition 4.2 implies that the P*-dynamics
of the state X are described by the SDE (5.1), where W is a P“-Brownian motion, and
L is a point process whose jumps arrive with P“-intensity (1 — ¢ (u))A(X) and whose
jump magnitudes have P“-Laplace transform (4.9). The measure change influences only
the jump frequency and jump amplitude of X. If § = 0, X does not jump and N is a
P-doubly stochastic Poisson process relative to the filtration G generated by W. In this
case, the dynamics of X are unaffected by the measure change, and (5.2) agrees with its
counterpart £(v, z, w, T) under P, for any u > 0.
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To illustrate the impact of the measure change on the calculation of (5.2) in a familiar
case, consider the affine specification

w(x) = Ko+ Kix, o%(x)= Hy+ Hix, A(x)= Ao+ Ajx,
R(x)= R+ Rix, y(x)=y+nyx.

Applying Proposition 1 of Duffie, Pan, and Singleton (2000) with respect to the equiv-
alent probability measure P“, we obtain L¥(v, z, w, T) = exp(a(?) + 8(¢) X;), where the
functions 8(¢t) = B(u, v, z,w, t, T) and a(t) = a(u, v, z, w, t, T) satisfy the ODEs

WO = w R+ v A — KB — 3 B0’ + Ar(1 — Yy G(0)

1
da(t) = w Ry +vAg — Kof(1) — EHoﬂ(f)2 + Ao(1 = ¥ () ¥ (6B(0)
with boundary conditions 8(T) = —zy; and «(T) = —z)y, where

i) =1- IE”(CXP ( - Vz’f)) = %wzu)w(u)

is the counterpart to ¥ under the measure P“; see (4.9). By Proposition 4.1, the transform
of the point process L specified by (5.1) is given by

@i(u, z,w, T) = L{(Y(w), z,w, T) = exp(a(t) + b(1) X)),

where b(t) = B(u, ¥ (u), z, w, t, T) and a(t) = a(u, ¥ (u), z, w, t, T) solve the ODEs

a,b(t) = wR — Kib(t) — %Hlb(t)z + A1yr(u + 8b(1))

Date) = w Ry — Kub(1) — 5 Hob(0) + Auip(u + 8h(1)

with boundary conditions 5(7) = —zy; and a(T) = —zyy. If § = 0, then the ODEs de-
scribe the P-transform of A4 evaluated at (), as prescribed by Propositions 4.1 and 4.3.
If u — o0, then the ODEs describe the transform of A4 under the absolutely continuous
limiting measure P>, evaluated at 1. Under P*°, L does not jump prior to 7, so in that
case the ODEs correspond to an affine diffusion for X.

6. APPLICATIONS

We show how the point process transform ¢;(u, z, w, T) can be used to treat various ap-
plications in single-name and portfolio credit risk. Several important valuation relations
are easily obtained from ¢,(u, z, w, T). Since lim,_, o, exp(—u - X) = 1=, for x € Ri,
by dominated convergence we have

T
(6.1) E [exp (—w / rxds> e_ZYI{LT,LFod}
t

To illustrate applications of formula (6.1), let r represent the risk-free short rate, and
let P be a pricing measure relative to r. Take d = 1 and consider a firm defaulting at
T = inf{t > 0 : N, > 0}, the first jump time of N.

]-",] = lim ¢,(u, z,w, T).
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Defaultable asset with zero recovery. Consider a security paying a P-integrable amount
Y at T in case the issuer survives to 7" and 0 otherwise. At time ¢ < T and on the event
{tr > t}, the value of this security is given by

T
6.2) p(Y,T)=FE [exp (—/ rsds) Ylen (f,] — —3. lim ¢, 2, 1, T)|.o.
t u—00

For r =0 and Y = 1, formula (6.2) represents the conditional probability at ¢ that the
firm survives to time 7, given survival to ¢.

Defaultable asset with random recovery at default. Consider a security that pays an
amount p, at t if default occurs before T and zero otherwise, where p is a bounded and
predictable process that may depend on N. Suppose N has nonnegative and bounded
intensity 1, i.e., 4 = [, A.ds. Using the fact that N A 1 — [ A 1(r-ds is a martingale, at
t < T and on the event {t > t}, this security is valued at

]—",]

T T K
B [exp (— / r.vds) pelieen | ff} _E [ [ e (— [ ra) pacian,
t t t
T K
=E |:/ exp (—/ rvdv> Pshsliz=gds ‘]-',]
t t

T
63) - / pipoie, ) ds.

Alternative formulae can be developed in the case that an intensity A does not exist.

Credit swap. Consider a unit notional credit swap, in which the protection seller pays
pr at default if T < T, and in which the protection buyer pays a premium S at dates (z,,)
until T A 7. Using formulae (6.2) and (6.3), denoting by ¢, the day count fraction for
period m and ignoring premium accruals, the swap rate S, = S at time ¢ satisfies

T
Sy anplt) = [ ploes)ds.
t

=t

Equity derivatives with jump to default. Formula (6.1) facilitates a key calculation
arising in equity derivative models with jump to default, including those of Carr and
Madan (2010), Carr and Linetsky (2006), Linetsky (2006), Mendoza, Carr, and Linetsky
(2010), and others. In these models, the value X of a stock subject to default at T =
inf{r > 0: N, > 0} solves d X; = u(X,)dt + o (X,)d W; — X,_d N, where W is a standard
Brownian motion and u and o are suitable functions. The counting process N has
intensity A = A(X) for a suitable decreasing function A. At t, X jumps to 0. The value
at t < T of a derivative that pays g(X7)l-~7y at T is given by (6.2) with Y = g(X7).
Under the limiting measure P> appearing in the calculation of the right-hand side of
(6.2) based on formula (4.2), X solves d X; = u(X;)dt + o(X,)d W, on [0, T], reducing
the valuation problem to one involving a diffusion. This approach to the valuation of
a derivative written on a defaultable stock is simpler than the approach taken in the
aforementioned papers. The measure change approach eliminates the need to perform
a progressive filtration enlargement and to introduce a predefault stock price process
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distinct from X. It also covers the multidimensional case of d defaultable stock price
processes that are correlated.

Bottom-up approach. Formula (6.1) has also applications in a multi-name setting.
Here, the first jump time 7, = inf{r > 0 : N} > 0} of N" models the default time of name
n in a portfolio of d > 1 names, and Cr = E% L=<y + -+ Z‘lll{,[,fr} is the loss in the
portfolio at 7. This formulation allows one to address a fully heterogeneous portfolio
in which each name has distinct default arrival and loss magnitude characteristics. For

t < Tand v > 0, adopting the convention [ [, _,a, = 1 for any sequence (a,) we have

exp(—v(Cr — C)) = l_[ [(1—exp(—ve}))Lin—o) +exp (—ve])]
n¢S(t)
= (M) + Y e v=0nes)
Se(1)
where S(t) ={l <n <d: N >0} € F;, the sum ranges over all subsets S.(f) of
{1,...,d}\ S(¢), and the functions

csoM =[] (M=exp(=vel)) ] exp(—ve).

neS(1) n¢ S(nUS()

Therefore, if the loss magnitudes ¢{ are independent of r and Y, formula (6.1) yields
T
Sy, zw, T)=E [exp (—wf rsds> e~ Yr(Cr=C) ‘ f:]
t
T
= E(cy(v)|F)E |:exp <_W/ l‘,\vds> 7Y ’ «7:z:|
t

T
+ ZE(C&U)(V) | FE |:exp <—W/ Vst> €7ZY1(N;71V,“:0‘ne5A(z)} ‘]’—1]
t

Si(1)
= Z E(CSA(I)(V) | ft) uliinoo (Pf(l/l, z,w, T)|M,7:O,n$&(t)
Si(2) neSir)

where E(cg,)(v) | F;) is a function of the ,(v) and the sets S(7) and Si(7). To compute
the conditional distribution of C7 — C; and the prices of securities referenced on the
portfolio, we invert ®,(u, z, w, T) as indicated below.

Top-down approach. An alternative formulation of the multi-name problem takes d =
1 and supposes that the process L records the loss due to default in the reference portfolio.
This formulation is appropriate for a relatively large and homogenous portfolio, and
leads to convenient valuation relations for securities exposed to portfolio credit risk, i.e.,
derivatives written on L. For some derivative payoff function # : Ry x R — R and for
fixed parameters (z, w, t, T), let

T
(6.4) Gyk) = E [exp <—w / r,\.ds> e h(Ly — Ly, k) ’ f,} :

the variable k describes some contract feature, such as a strike price. Let P be a pricing
measure relative to the risk-free rate r. Then, for w = 1, G, (k) represents the value at
t < T of a security paying e *Yh(Ly — L,, k) at T. Following the approach of Carr and
Madan (1999) and Lee (2004), we consider the Fourier transform of the damped value
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exp(ak)Gj(k), where o € R is some constant. If « is chosen appropriately, then the
Fourier transform

(6.5) Can(v) = / ek ek G (k)dk

1s well defined for v € R. The transform can then be inverted to obtain

—ak

(6.6) Gy(k) = ¢ /w Re(e " o (k) dv.
0

Option on portfolio loss. Consider a European call option on L with strike k£ > 0 and
expiration date T, for which i(/, k) = (I — k)*. We have

T Lr—L, )
can(v) =E [exp (—w / reds — ZY) / VR — L, — k)dk ‘ ]—',]
. _

T e(a+1’\1)(L7—7L,)
=E[6Xp(_W[ rl?ds_z}l)(a{-ivy"?}]
_ gl—a—iv)

(a +iv)?

provided that & > 0is chosen such that —a —iv € C;, = {c € C : Re(c¢) € D}, where D,
is the interior of the set {v € R : E(exp(—vLr)) < oo}, and g : C; — C is the analytic
function defined for a fixed set of parameters (z, w, ¢, T) by

T
glc)=E [exp (-W / I‘Sds> o2 Y—elLr—L) ‘ ]:i| )
t

Taking g(-) as the extension of ¢,(-, z, w, T) to C.,> the value of a call on L; with strike
K can be expressed as

T
C(K.T)=E [exp (— / rsds) (Lr— K)* \ff}

e—a(K—L,) ) @1(_(1 —iv.0.1 T)e—iv(K—L,)
6.7 = R« G dv.
©7 7 /0 e( @+ vy ) '

The price of a put option on L can be found by put-call parity. An option is a basic
building block of many more complex portfolio credit derivatives such as credit indexes,
tranches, or options on these instruments.

Tranche. A tranche swap on a portfolio with unit notional is specified by a lower
attachment point K € [0, 1], an upper attachment point K € (K, 1], and a maturity date
T. The tranche protection seller agrees to cover portfolio losses as they occur, given that
the cumulative losses are larger than K but do not exceed K. Letting L describe the
portfolio loss, the cumulative payments U, at ¢ are

M:(LI_K)+_(LI_K)+5

2 Under mild assumptions, LY (¥ (u), z, w, T) has a Taylor expansion for # > 0. Evaluating this expansion
at ¢ € Cy yields an expression for g(c). Thus, we obtain an expression for ¢, (-, z, w, T) on Cy..
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which is the payoff to a call spread on L with strike pair (K, K) and exercise date ¢. By
integration by parts, the value at 1 < T of the protection seller’s payments is given by

T K
D, =FE [/ exp (—/ rudu> dU; .7-',}
t t

T
— C(K.T)— CR.T)— U, + / (B(K.s) — B(K.s))ds.

where C,(K, T) is given by (6.7), and, mimicking the pricing approach followed above,
under suitable conditions, B,(K, T) can be expressed as

T
B(K,T)=E [exp (— / mds> rr(Lr — K)* ’E]

_ eme(K=Ld) /OO Re g —iv, 2,1, T).mge K1) .
T 0 (¢ +iv)? ’

where ¢,(—a —iv, z, 1, T) is evaluated for Y =r, and « is an appropriately chosen
damping constant. The tranche protection buyer agrees to make premium payments at
dates (1,,) that are proportional to the difference between the tranche notional K — K
and the tranche loss U. If S'is the proportionality factor and ¢,, is the day count fraction
for the mth coupon period, then the value at ¢+ < T of these payments is

Pt(S) = ]E|: Zexp <_ frm rsds) Scm(k - I_(— vam) ’ ]:)‘:I

It

= SZ Cm((l_( — K)¢:(0,0,1, t,,) — Ci(K, t,,) + C[(]_(, tm))-

=t

The fair tranche spread at 7 is the solution S = S, to the equation D, = P,(S). Similar
calculations lead to the fair spread on a credit index swap. Moreover, the analysis can be
extended tod > 1.Inamultidimensional setting, the components of Lrepresent the losses
in d subportfolios. The subportfolios have different default arrival and loss magnitude
characteristics, allowing one to address the heterogeneity of a reference portfolio. The
cash flow to a tranche is a function of the total portfolio loss 1, - L.

Option on portfolio loss with counterparty risk. The point process transform can be
used to treat valuation problems that involve counterparty risk. Here, a counterparty to
a credit derivative may default on its obligation. A counterparty’s risk of default may
be correlated with the credit risk associated with the reference portfolio. In particular,
a counterparty’s conditional default probability may jump at a default in the reference
portfolio, as in Jarrow and Yu (2001). To illustrate, suppose the issuer of an option on
portfolio loss is subject to default risk. For L = (L', L?), let L' be the portfolio loss and
let ; = inf{z > 0 : L? > 0} be the default time of the option writer. Then the option pays
(LY. — K)* at Tif , > T and 0 otherwise. To value this option, let

Ez(”l» T) = u!i—r)noo(pr((ul’ 7/!2), 07 1’ T)

T
=E [exp (—f mds) eil{l(LlT?L’l)liL%——L?ZO) ‘fri|
t
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forz < T.On the set {t, > t}, and under suitable conditions and an appropriately chosen
damping constant «, the price of the option at # < T can be expressed as

T
E[exp (- f rsds) (LY~ K) 1y ‘]—',]
t

—a(K—L) [oo — : —iv(K—Ly)

e —a —iv, T)e

_ 7/ Re (2 D dv.
T 0 (a +iv)?

Following the reasoning leading to formula (6.3), we can extend to the case that the
option holder recovers some amount at t,. Moreover, we can extend the tranche and
credit swap valuation formulae developed above to incorporate the effects of default risk
of both the seller and the buyer of protection (bilateral counterparty risk).

7. CONCLUSION

This paper develops a formula for a transform of a vector point process with totally
inaccessible event times. An equivalent change of probability measure reduces the cal-
culation of the point process transform to the calculation of a Laplace transform of
the point process compensator. This Laplace transform is analogous to the value of a
security providing a single cash flow at a future horizon. The calculation of this value is
standard for a wide range of model specifications. Our transform formula extends this
computational tractability to a point process and its applications.

We show how to use the point process transform to address a number of applications
in single-name and portfolio credit risk, including the valuation of credit derivatives
such as credit and tranche swaps, and the pricing of equity derivatives on defaultable
stocks. Our transform formula enables us to analyze a setting that takes account of
many empirically relevant features. For example, default, recovery and risk-free interest
rates may be correlated and depend on past defaults, allowing for flight-to-quality and
self- and cross-exciting effects. Moreover, a counterparty to a derivative contract may be
subject to default risk.

Our results have potential applications in several other areas, including the stochastic
modeling and statistical analysis of limit order books. Bowsher (2007), Engle (2000) and
Engle and Russell (1998) pioneered an econometric approach in which order arrivals
form a point process whose arrival intensity is estimated from order timing data using
likelihood methods. Our results allow one to widen the scope of this approach to multi-
variate, self-, and cross-exciting arrival intensity models with more realistic features while
maintaining computational tractability of estimation, testing, and prediction.
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