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Abstract. Financial institutions, government-sponsored enterprises, and asset-backed
security investors are often exposed to delinquency and prepayment risk from large num-
bers of loans. Examples include mortgages, credit cards, and auto, student, and business
loans. Because of the size of the pools, the measurement of these exposures is compu-
tationally expensive. This paper develops and tests efficient numerical methods for the
analysis of large pools of loans as well as asset-backed securities backed by such pools.

For a broad class of statistical and machine learning models of loan-level risk in discrete

Copyright: © 2018 INFORMS

time, we prove a law of large numbers and a central limit theorem for the pool-level risk.

The asymptotics are then used to construct computationally efficient approximations for a
large pool. The approximations aggregate the full loan-level dynamics, making it possible
to take advantage of the detailed loan-level data often available in practice. We further-
more prove a convergence rate for the approximation and a uniform integrability result.
The latter allows the approximation to be applied to a wide class of pool-level risk statis-
tics. To demonstrate the effectiveness of our approach, we implement it on a data set of
over 25 million mortgages. The results show the accuracy and speed of the approximation
in comparison to brute-force simulation of a pool, for a variety of pools with different risk

profiles.
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1. Introduction

Financial institutions, government-sponsored enter-
prises such as Fannie Mae and Freddie Mac, and in-
vestors have credit exposures to large pools of loans,
including mortgages, credit card receivables, auto
loans, student loans, and business loans. A major
U.S. bank might directly own a million mortgages.
The government-sponsored enterprises are exposed to
tens of millions of mortgages, either through directly
owning the mortgages or providing credit guarantees
against default for the mortgages. Major loan servicers
canservice up to 10 million mortgages, and even though
they do not directly own the loans, mortgage servicing
cash flows are still strongly affected by default and pre-
payment risk. Mortgage-backed securities (MBSs) typi-
cally have hundreds to tens of thousands of loans. Large
pools of loans are also common for many other types of
loans. For instance, a major U.S. bank might easily have
on the order of 20,000 wholesale loans and 100,000 mid-
market and commercial loans. A major credit card com-
pany can have tens of millions of credit card accounts.
Over half of all consumer credit is eventually securi-
tized, and each deal can consist of tens of thousands of
credit cards. Because of their size, these loan pools and
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the securities they back are computationally challeng-
ing to analyze. A full simulation of a typical pool might
take many hours.

This paper develops and tests efficient numerical
methods for the analysis of large, heterogeneous pools
of loans. We focus on a broad class of dynamic,
discrete-time models of loan-level risk that are widely
used in practice (see Lending Club 2015, CoreLogic
2014, Experian 2014, Dunsky et al. 2014, and others). A
loan might be in one of several states, such as 30 days
past due, prepaid, or foreclosure. The conditional tran-
sition probabilities could come from a range of statis-
tical or machine learning formulations such as gener-
alized linear models (e.g., logistic regression), neural
networks, decision trees, and support vector machines.
The conditional transition probability is allowed to
depend on a vector of static loan-level features such as
credit score and loan-to-value ratio, a vector of time-
varying risk factors influencing multiple loans, such
as the unemployment rate, as well as the past behav-
ior of the loans in the pool (through a “mean-field”
term). The dependence of the conditional transition
probability on common systematic factors as well as
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the mean-field term address the loan-to-loan correla-
tion observed in practice (see Azizpour et al. 2018, Das
et al. 2007).

For this class of models, we prove a law of large num-
bers and a central limit theorem that describe pool-
level risk as the size of a pool grows large. A nonlinear
stochastic equation governs the evolution of the law
of large numbers limit. The fluctuation limit satisfies a
stochastic equation that is linearized around the non-
linear law of large numbers limit. We provide a Monte
Carlo algorithm for solving these equations and ana-
lyze its convergence as well as the optimal allocation
of the computational budget. The limit theorems are
used to construct computationally efficient approxima-
tions of the loss, prepayment, and cash flow distri-
butions for a large loan pool. A convergence rate for
the approximation is proven. We also prove a uniform
integrability result, which guarantees the convergence
of our approximation for a large class of continuous
functions of pool-level quantities such as loss, prepay-
ment, and cash flow. The approximations account for
the full loan-level dynamics, making it possible to take
advantage of the detailed loan-level data often avail-
able for loans in practice. Very importantly, the cost
of our approximation remains constant no matter the
dimension of the loan-level features. This is essential
since loan-level data is often high-dimensional in prac-
tice (the dimension could be in the hundreds). Further-
more, since the law of large numbers and central limit
theorem are dynamic, the approximation provides the
loss, prepayment, and cash flow distributions across
all time horizons at no extra computational cost. Given
these distributions, risk analysis, pricing, and hedging
of asset-backed securities such as MBSs backed by the
pool is immediate.

We test the performance of our approximations on a
detailed loan-level mortgage data set that includes over
25 million mortgages. We compare the approximate
distribution with the “true” distribution (obtained by
brute-force simulation) for various pools drawn from
this data set. The comparison is performed using
model parameters fitted to the data set. The approxi-
mation’s computational cost is often several orders of
magnitude less than the cost of brute-force simulation
of the actual pool. It has a similar level of accuracy,
in the center as well as the tail of the distribution.
Although the approximation’s accuracy increases with
the size of the pool, it is highly accurate even for a pool
having as little as 500 loans.

The remainder of this introduction discusses the
related literature. Section 2 describes the class of dis-
crete-time models of loan-level risk we consider. The
limit theorems as well as uniform integrability for
this class of models are presented in Section 3. These
results are used to develop a computationally effi-
cient approximation for large pools. Numerical meth-
ods to compute the approximation are described in

Section 4. In Section 5, the approximation is tested
on actual mortgage data. Section 6 concludes. An
online appendix contains the proofs and supplemen-
tary results.

1.1. Related Literature

The computational expense associated with loan-by-
loan models for large pools is widely recognized. Prior
research has analyzed several approaches to tackle this
issue.

One strand of the literature has developed top-down
models of pool behavior, which are formulated with-
out reference to the constituent loans and only model
the behavior of a pool in aggregate. See Fermanian
(2013), Wu et al. (2012), Richard and Roll (1989), Kang
and Zenios (1992), Mattey and Wallace (2001), and
others for top-down models of mortgage pools, and
Arnsdorf and Halperin (2008), Giesecke et al. (2011),
Ding et al. (2009), Errais et al. (2010), and others for
models of corporate credit pools. The approximation
that we develop for loan-level models is as tractable as
a top-down model while taking full advantage of the
loan-level feature data.

Another strand of the literature has developed large-
pool approximations in various model frameworks.
Several authors consider static one-period models in
which loan-to-loan correlation is due to the depen-
dence of loans on a common factor. Here, loans default
independently conditional on the common factor, gen-
erating tractability. Vasicek (1987) applies a standard
law of large numbers, conditionally on the common
factor, to obtain an approximation for the distribu-
tion of the loss from default in a large pool. Frey
et al. (2008) develops an approximation using a condi-
tional central limit theorem. Gordy (2003), Gordy and
Lutkebohmert (2013), Martin and Wilde (2002), Emmer
and Tasche (2005), Gordy and Marrone (2012), and
others develop “granularity adjustments” that address
the residual idiosyncratic risk that remains undiver-
sified in a (finite) portfolio; see Fermanian (2014) for
a comprehensive review. Merino and Nyfeler (2002)
uses a Fourier transform to analytically approximate
the conditional loss distribution given the common fac-
tor. In contrast to these papers, we consider dynamic
discrete-time, multistate models that allow one to mea-
sure pool-level risk over multiple future periods. More-
over, in our formulation, loans are not assumed to
be conditionally independent given the common fac-
tor. We capture the influence of past events through a
mean-field term, which addresses an important source
of loan-to-loan correlation (see Azizpour et al. 2018 in
this regard). We develop the limit theorems applying
in this situation.

A number of authors prove limit theorems for con-
tinuous-time stochastic intensity and structural mod-
els of loan-by-loan default, and use them to construct
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approximations for large pools. To address loan-to-
loan correlation, these models may include a common
factor and/or a mean-field or local interaction term.
Dai Pra etal. (2009) and Dai Pra and Tolotti (2009) study
a mean-field model in which an intensity is a func-
tion of the pool loss. In a model with local interaction,
Giesecke and Weber (2006, 2004) take the intensity of a
name as a function of the state of the names in a spec-
ified neighborhood of that name. Cvitanic et al. (2012)
analyze a mean-field system in which an intensity is a
function of an idiosyncratic risk factor, a systematic risk
factor, and the portfolio loss rate. The risk factors fol-
low diffusion processes whose coefficients may depend
on the portfolio loss. Giesecke et al. (2013, 2015) and
Spiliopoulos et al. (2014) analyze related mean-field
systems in which the intensity is allowed to depend on
the path of the portfolio loss. Therefore, the impact of
a default may be transient and fade away with time.
Davis and Rodriguez (2007) study an intensity model
in a stochastic network setting, in which firms default
independently of one another conditional on a system-
atic factor governed by a Markov chain. Diener et al.
(2012) analyze an intensity model where defaults are
conditionally independent given a systematic risk fac-
tor governed by a Brownian motion. Bush et al. (2011)
examine a structural model in which defaults occur
at first hitting times of correlated diffusion processes.
Conditional on a systematic risk factor governed by a
Brownian motion, defaults occur independently of one
another.

In contrast to the aforementioned papers, we prove
limit theorems in a discrete-time setting. A discrete-
time formulation is appropriate for the data structure
common in practice, where loan status is reported on
a monthly or quarterly basis. Unlike earlier results,
our limit theorems cover a wide range of statistical
and machine learning models that are in widespread
industry use (see Lending Club 2015, CoreLogic 2014,
Experian 2014, Dunsky et al. 2014, and others). The fit-
ting of these models from historical loan performance
data is standard. Our formulation is well adapted to
settings with high-dimensional loan-level feature data,
where the features can be continuously valued. Previ-
ous model frameworks for which limiting laws have
been proven do not include loan-level data as a model
input. Unlike the aforementioned papers, we allow for
multiple types of events that may be mutually exclu-
sive. In practice, many loans are subject to several types
of events, such as delinquency, prepayment, and fore-
closure. The limiting laws in the above papers do not
cover important applications where the function of
interest is unbounded. This includes the expectation,
variance, higher-order moments, and utility functions
of the pool-level loss, prepayment, or cash flow. To
address these applications, we prove uniform integra-
bility, which allows our convergence results to cover

a large class of functions of practical interest. Further-
more, uniform integrability allows us to prove a con-
vergence rate for the law of large numbers. The existing
literature mentioned above does not provide conver-
gence rates.

Dembo et al. (2012), Glasserman et al. (2008), Spilio-
poulos and Sowers (2011, 2015), Zhang et al. (2015),
and others develop large-deviation results for credit
portfolios in various model frameworks. While we do
not study large deviations in this paper, our numer-
ical results show that our approximation (with only
the law of large numbers and central limit theorem) is
very accurate in the tails of the distribution even for
moderate-size portfolios.

2. Class of Loan-Level Models

We consider a broad family of dynamic models of loan-
level risk in a pool at times t €I ={0,1,...,T}. We
fix a probability space (Q2,7,P) and an information
filtration (7,),,;. P is the actual probability measure.
The total number of loans initially in the pool is N.
The process U" = (U}'),; prescribes the state of the nth
loan. The variable U] takes values in a finite discrete
space %. Common states are current, 30, 60, and 90+
days delinquent, prepaid, charge-off, and foreclosure.
Some states might be absorbing.

State transitions are influenced by several types of
risk factors. Each loan has an 7 -measurable loan-level
feature vector Y" € Y C R% ! which contains static vari-
ables such as loan-to-value (LTV) ratio, credit score,
geographic location, type of loan, etc. These loan-level
factors are specific to each loan. We also consider sys-
tematic risk factors V that will have a common influ-
ence across many loans in the pool. The vector pro-
cess V = (V,),c;, where V, € R%, might represent the
behavior of local and national economic conditions
such as the unemployment rate, housing prices, and
interest rates.” The risk factor V is exogenous in the
sense that its dynamics are not affected by the states U"
nor the Y. Finally, we allow borrowers’ past behavior
to influence state transitions. Define the “mean-field”
process HN = (HY),; as

N
HY = 5 3 £ v, <1>
n=1
where = (fH,..., fll) and ff: U X R™ > R. We let
HYN. = (HY,...,HY) denote the path of HY between
times t and s > t. A specific application for HY would
be to model a contagion effect for mortgages where
past defaults of mortgages in areas geographically
close to the nth mortgage increase the likelihood of
the nth mortgage defaulting. The process HY would
then keep track of the number of defaults at each
geographic location.” In light of the mortgage melt-
down, such a feedback mechanism has been supported
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by several recent empirical papers; see Ambrose and
Capone (1998), Goodstein et al. (2017), Harding et al.
(2009), Lin et al. (2009), and Towe and Lawley (2013).

The dynamics of U" are prescribed by the transition
function:

PU =u

Fial=ho(u, Ui, Y", Vt—l'HtI\iT:t—l)’
t=1,...,T, ()

where 0 is a parameter that takes values in the compact
Euclidean space ©, T > 1 is some fixed integer, and H, tN
is set to some predetermined constant (independent
of N) for t < 0. Therefore, the dynamics of the states
ut,...,UN can potentially depend on the history of
the mean-field term H". Extension of the model (and
convergence results) when /1, depends on the history of
the common factor V is straightforward. Note that even
conditional on the path of the common factor V, the
dynamics of the loans U*, ..., UN are not independent
because of the mean-field term H".

Equation (2) gives the marginal probability for the
transitions of the loans from their state at time ¢ — 1
to time ¢. Furthermore, we stipulate that conditional
on 7,_,, the states LI},...,U,N are independent. This
fully specifies the dynamics of the loans n =1,...,N.
In addition, we model the financial losses suffered by
the loan originator, servicer, or investor on certain state
transitions. Given a state transition U}, # d — U}
= d, where d € U represents an absorbing “default”
state such as 90+ days delinquent, charge-off, or foreclo-
sure, the nth loan suffers aloss ¢} (Y",V,) € [0, 1]. Here,
er(Y",V,) is itself a random variable conditional on
Y" and V,, therefore allowing for idiosyncratic losses.*
Conditional on V,, the loan-level feature Y", and the
nth loan defaulting at time ¢, the loss given default is
& (Y", V,) whereP[¢} (y,v) € Al =v, , ,(A). Conditional
onV,, Y",Y",and bothloans n, n’ defaulting, £}(Y",V,)
and {7 (Y™, V,) are independent. Since the default state
is absorbing, losses for the same loan cannot occur
twice. More generally, one could consider “costs” or
losses associated with each of the state transitions. For
example, there might be servicer costs associated with
loans that are behind payment but have not defaulted
yet. The results in this paper could be extended to this
more general case. Typical loss given default models
include logit models or neural networks; an overview
can be found in Loterman et al. (2012).

Many models commonly used to describe loan delin-
quency and prepayment fall under the model class (2):
see Khandani et al. (2010), Baesens (2005), Banasik et al.
(1999), Bastos (2010), Capozza et al. (1997), Stepanova
and Thomas (2002), Westgaard and der Wijst (2001),
and many others. The model framework (2) is popu-
lar in practice (see Lending Club 2015, CoreLogic 2014,
Experian 2014, Dunsky et al. 2014) because it allows
for detailed modeling of loan-level dynamics, inclusion

of high-dimensional loan-level data, flexible choice of
transition functions from statistical and machine learn-
ing, and the ability to incorporate important character-
istics of loan pools such as correlation between delin-
quency and prepayment rates for different types of
loans, geographic diversity, and burnout.

A typical choice for /1y, might be a generalized linear
model (GLM), although many other choices are avail-
able. An example of a GLM is logistic regression. The
results in this paper require only mild assumptions on
the form of the function h; these assumptions are sat-
isfied by many standard models. Some examples are
presented below.

Example 2.1 (Logistic Regression Model). Let the ele-
ments of U be u,,...,ug. If aloan is in state u,;, denote
the states to which it can transition as ui, eery u,ljk. Let
(y,v,H)e R +v+1 be a vector containing the loan-level
features, systematic factors, and mean-field factor. The
vector GM;,M € R+ contains the parameters corre-
sponding to the state transition u; — u}. Then,

exp(6,1 ,,, - (y,v,H))
1+ 205 exp(0,y - (y,0,H))'
n <N,

ho(ug, uy,y,v,H) =

Np-1

hg(uﬁlk, u,,y,v,H)y=1- Z hg(u,’}/, ug, y,v,H),
n’=1

where 6={ Our He=t:k n=1:n,-1- See Sirignano et al. (2016)
for an implementation of this model for mortgages.

Example 2.2 (Neural Network Model). Let the elements
of U be uy,...,ug. If a loan is in state u,, denote the
states to which it can transition as u;, e, u;:'k. Then,

eXp(GQ(uZ/ ug,y,o, H))

e T ploatuy ey, 0, H))
n <N,
Ni-1
hg(ufjk, ug,y,v,H)=1- Z he(ugr, uy,y,v,H).
n’=1

The activation function o, is given by
ao(uf, up, y,0,H)=Wiq(WeQ"),

where Q" = (u!',u,,y,v,H) € R, and W} € R%*%
and W2 € R™% are weights on the input Q" and the
output of the hidden layer g, respectively. The hid-
den layer g: R — R%*! is the function g(x) = (q,(x,),
45(x3), - -+, q4,(x4,))". Typical choices for g4, ...,q,, are
sigmoid functions and dj, is the number of “neurons”
in the hidden layer. See Sirignano et al. (2016) for an
implementation of this model for mortgages.
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Example 2.3 (Decision Tree Model). Divide the space
Ux Y xR xRX into the regions {R} %:1, with the con-
dition that these regions are disjoint and their union
covers the entire space. The transition probabilities in
region m are pj (u,u’, y,v, H). The transition probabil-
ity hy then is

M
he(”/ u,’ Y, U,H) = Z le(”/ 1/[’, Y, U/H)l(u’,y,v,H)ERg’ .
m=1

The regions {R} }M_ are chosen by sequentially split-
ting the space via recursive binary splitting. For each
region m, the transition probabilities pj (1, u’, y,v, H)
could be a logistic regression or, more simply, a con-
stant transition matrix between the different states. See
Hastie et al. (2009) for more details on decision trees.

For risk management and other applications, one is
interested in the behavior of a pool of N loans under
the model class (2). The behavior of the pool at time ¢
can be described by the empirical measure of the vari-
ables (U}, Y'),...,(UN,Y"), which is denoted by uN €
B = 2(U xY), where 2 is the space of probability mea-
sures. Formally,

1 N
#fl = N Z 6(up,yn)/ 3)
n=1

where 6 is the Dirac measure. The empirical mea-
sure uN(u,A) = [, uN(u,dy) gives the fraction of the
loans in pool at time t that are in state u and that
have loan-level features in the set A ¢ R%. It com-
pletely encodes, up to permutations, the pool dynam-
ics and features. For instance, the pool-level default rate
can be expressed as [, u;'(d,dy). Representing pre-
payment by an absorbing state p € U, the pool-level
prepayment rate takes the form [, u(p,dy). The pro-
cess HN € R¥ specifying the mean-field term in (2) can
also be expressed in terms of the empirical measure:
HY =(f", u} )y, Here and below, we use the notation
(f,v)e = [¢ f(x)v (dx).”> For notational convenience, let
(f(u,y),v(u,dy)) =(f(u,),v(u,"))y. The default loss
rate LY at time f is

1 N
th\l N Zf?(ynlvt)(lUf:d_1u;1_1:d)' 4)
n=1

The cumulative loss from default up until time ¢ is
simply X!_, LN. Let the loss process over all times be
LN = (LN),;. Given the empirical measure and the loss
from default of a pool, analysis of securities backed by
the pool is immediate. For instance, the distribution of
the cash flow from a pool of loans can be analyzed, an
example of which is given below.

Example 2.4 (Cash Flow from a Loan Pool). Let U =
{c,p,d}, where c represents a loan that is current on its
payments, p represents prepayment, and d represents

default. Let the cash flow for a loan with feature y in
state u at time ¢, when the common factor V, = v, be
1. ,(u, y). It is comprised of both interest and principal
payments. The dependence on V, allows one to cap-
ture a variable loan interest rate tied to a benchmark
rate. Let the outstanding balance for a loan with fea-
ture y at time ¢ be b,(y). On prepayment, the borrower
will pay off the entire outstanding balance. The func-
tions 7, ,(u,y) and b,(y) are deterministic. The recov-
ery from default at time ¢ is 1 — LY. The total cash flow
rate from a pool of loans at time ¢ is

Co =1y 1 Yy + (b, 1 (p, ) — iy (p, ) + (1= LY.

The total cash flow rate is just the summation of C, over
all times f € 1.

3. Limiting Laws and Asymptotic

Approximation

For large pools of loans (i.e., large N), the computation
of the distribution of the default rate, prepayment rate,
and loss from default is computationally burdensome.
We develop an efficient asymptotic approximation of
these distributions for large pools. The approximation
is based on a law of large numbers (LLN) and a central
limit theorem (CLT) for the empirical measure u" and
the loss process LN. The proofs for the theorems below
are given in the online appendix.

Assumption 3.1. Suppose that ul converges in distribu-
tion to fiy in B = P(U X Y), where [i, is deterministic, and
that the feature space % is compact. Also, hy, is continu-
ous in its third and fifth arguments and the function fH is
continuous and bounded in its second argument.

Theorem 3.2. Provided Assumption 3.1, the empirical
measure uN converges in distribution to i in BT*! as
N — oo, where [i satisfies

iy (u,dy)= Z ho(u,u',y, Vi Hi_p )i (0, dy), (5)

u'eu
where H, = (f", fi,), X% and H,.;, = (H,, ..., H,).

The assumptions required for Theorem 3.2 are rela-
tively mild and are satisfied by standard models. For
instance, logistic regression and neural networks both
satisfy Assumption 3.1. The compactness assumption
for the feature space % is also satisfied by commonly
used data features (such as credit score, LTV ratio,
interest rate, and original balance). The assumption
that the function f is bounded and continuous still
allows the mean-field term H" to keep track of the frac-
tion of the pool in any combination of states in % and
categories in %. For example, HY could track the frac-
tion of the pool that has defaulted at each geographic
location as well as the fraction of the pool that has
defaulted for each loan product type (such term loan,
credit line, etc.).
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It is important to note that the LLN in Theorem 3.2
is dynamic and is also a random equation. Random-
ness enters through the path of the common factor V:
the quantities H, and [, are deterministic functions
of Vo, = (Vy,..., V,_). If the transition function h,
depends on the past pool dynamics through HY , |,
the LLN is nonlinear.

We supplement the LLN with a CLT. Define the
empirical fluctuation process ZN = VN(uN — z,), which
takes values in W = [T §"(R%), where §’ is the space
of tempered distributions. An element in the space
of tempered distributions is the finite-order (distribu-
tional) derivative of some continuous function with
polynomial growth. The space of measures is a subset
of the space of tempered distributions. Convergence
of EN must be considered in a larger space than the
space of measures since EN can take negative values
and [, EN(u,dy) is not bounded. Although EV is not
an element of P(% x R™), it does exist in the larger
space W. Moreover, its limit 5, also exists in W. The
CLT satisfies an equation linearized around the non-
linear dynamics of the LLN. Randomness enters both
through V and a martingale term. Like the LLN, the
CLT is also dynamic.

Assumption 3.3. \/ﬁ(yON — [iy) converges in distribution
to By in W. In addition, the function f¥ is smooth in its
second argument and hgy is smooth in its third and fifth
arguments.’®

Theorem 3.4. Provided Assumptions 3.1 and 3.3, EN con-
verges in distribution to E in WTH gs N — oo, where 2
satisfies the equation

Ey(u,dy) = Z ho(u, ', Y, Vi, Hy_ i) B (0, dy)

u' €U

0 , _ _
+ Z 8_Hh6(u'u Y Ve, Hy ) Et—r:t—l)

u'eU

'ﬁt—l(”,rdy) +ﬂ_t(“/dy)/ (6)

w_here E{\i = <fH/EZfV>°ux_y/ E,=(f" &)y xY, and E,, =
(E;, ..., E,). Given V, M(u,dy) is a conditionally Gaussian
process with zero mean and covariance:

Covl[.dl,(u,, dy), M (uy, dy)| V.11l
== Z ho(uy, u',y, Vi, Hi_ryq)
u'eu
“ho(uy, u',y, Vi, Ht—’r:t—l)pt—l(u,/ dy),
Var[ i, (u,dy) | Vo, ;]
= Z ho(u,u',y, Vi, Hy 1)
u'eu

“(L=he(u,u’,y, Vi, Ht—’r:t—l)).at—l(u// dy),

where uy # uy and Vo, = (V,, ..., V,). Given 'V, Jl, is inde-
pendent of AL, for t, # t, and M, (u,dy,) is independent of
M (', dy,) for y, # Y.

The additional assumptions necessary for Theo-
rem 3.4 are mild. The main additional assumption is
that hy and fH are smooth in the loan feature y. Typical
models for h, such as logistic regression, neural net-
works, probit, generalized linear models with a smooth
link function, kernel methods with smooth kernels
(e.g., Gaussian kernel), and Gaussian process regres-
sion satisfy Assumptions 3.1 and 3.3. Because of their
discontinuities, decision trees do not satisfy Assump-
tions 3.1 and 3.3. However, if the Y" are i.i.d., Theo-
rems 3.2 and 3.4 will hold if &, is piecewise smooth in
its third argument and smooth in its fifth argument,
which would cover decision trees. Although we prove
convergence in §’, whose dual is the space of Schwartz
functions, smoothness of i, and f# on % suffices for
Theorem 3.4 to hold since % is compact. Finally, the
restriction on f is not stringent; the mean-field term
HN can still keep track of the fraction of the pool in any
combination of states in % and categories in %.

Theorems 3.2 and 3.4 can be extended to the loss
from default (4). To this end, define the empirical loss
fluctuations AN = VN(LN - L,) € R.

Assumption 3.5. The first and second moments of the loss
given default, g,(t,v,vy) = [, zvy y,» (dz) and gy(t, v, y) =
fol zzvt,y,v (dz), are smooth in y for each t,v.

Proposition 3.6. Let Assumptions 3.1, 3.3, apd 3.5 hold.
The loss process LN converges in distribution to L in [0,1]™*!
as N — oo, where L satisfies

I:t = </ ZVi oy, v, (dz), g(d, dy) — it;_4(d, dy)>- (7)
0

The fluctuations for the loss AN converge in distribution to
Ain RT™ as N — oo where A satisfies

1
/_\t = </ ZVi oy, v, (dz), Et(d, dy)—éhl(d, dy)> +ztr (8)
0

where, conditional on V, Z, is a mean-zero Gaussian with
variance

Var[it|V0:t]:<|:/lzzvt,erz (dz)- (/1ZVt,y,vt (dz)) ],

fi(d, dy) - P_lt—l(d/dy)>-

Given V, Z, is independent of Z,, for t, # t, as well as Z.

Assumption 3.5 requires smoothness of the first and
second moments of the loss given default. Standard
models of the loss given default such as neural net-
works (see Loterman et al. 2012 for an overview) satisfy
this assumption.

Once the law of large numbers fi and central limit
theorem Z have been computed, the law of large num-
bers L and the central limit theorem A for the loss can
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be easily computed. The law of large numbers for the
loss L is a function of ji. Similarly, the central limit theo-
rem for the loss A is a function of = and an independent
Gaussian random variable Z.

Corollary 3.7. Under Assumptions 3.1,3.3, and 3_.5,_(V_,yN,
LN, EN,AN) converges in distribution to (V,,L,E,A) in
(RY)T*+x BTHXRXWT XR as N —> co.

Using Corollary 3.7, the law of large numbers and
central limit theorem can be combined to form an
approximation for a finite pool of N loans:

1 d 1 -
Nop+—=B">gN=p+—8,
Ho=k VN Ho=k VN
IN=f+—ANEINZf LA )

VN VN

The LLN [ is a first-order approximation of pM
while the CLT E provides a second-order correction.
The large-pool approximations (9) are conditionally
Gaussian given V and can be utilized to efficiently
estimate pool-level quantities such as prepayment,
default, loss, and cash flow rates for large pools of
loans. Section 4 below explains the computation of the
approximation.

The Theorems 3.2 and 3.4 prove that the distribution
of the finite pool and its fluctuations converge to the
distribution of the LLN and CLT. However, this does
not guarantee that the statistics, such as the moments,
of the distribution of the finite pool and its fluctuations
converge to the statistics of the LLN and CLT.” In par-
ticular, XN -5 X only implies E[ f(XN)] = E[ f(X)] for f
continuous and bounded. To prove E[ f(XN)] — E[ f(X)]
for continuous f, one needs to show that f(XV) is uni-
formly integrable. Since % is assumed to be compact,
P(Y x U) is also compact. Consequently, the empirical
measure p" lies in a compact space (the space of mea-
sures on a compact space is compact). The loss LN also
lies in the compact set [0,1]. f(u", L) is therefore uni-
formly integrable for any continuous function f and
E[f(uN,LN)] — €[f(fi,L)] for any continuous func-
tion f. The main challenge resides in showing that
(BN, AN) is also uniformly integrable. Unlike p», 2N
and AV are not restricted to compact sets.

For instance, convergence in distribution is not suffi-
cient for the approximation (9) to hold for the second
moment of the loss at time ¢:

FILYPI=EIL+ AN+ EANFL 0

To justify the approximation E[(LN)?] ~ E[(LN)?], one
needs the convergence results E[L,AN] — E[L,A,] and
E[(AN)?] — E[(A,)?] as N — 0. Because of |L;| being
bounded, it is sufficient to show that AN and (AN)? are
uniformly integrable.

Assumption 3.8. For functions of the form f(EN,AN)=
(S Zcnl b (), EN (u,dy)) A SL, ¢, AN, where ¢ €R,
g is continuous and polynomially bounded,®, and the func-
tions ¢, , are continuous. In addition, Vi.r=(V,, V1,..., Vr)
takes values in a compact set V', and for any continuous ¢,
there are positive constants K  , and K, , , such that

-1
P[(su5|¢<y>|) o), ZN (1, dy)| > V]
ve?
< Kl,O,u eXP(_Kz,o, " 0‘2)- (11)

Theorem 3.9. Under Assumptions 3.1, 3.3, 3.5, and 3.8,
f(EN, AN) is uniformly integrable.

The class of functions covered by Assumption 3.8
can represent any function g of the default, loss, pre-
payment, or cash flow rates where ¢ does not have
faster than polynomial growth in its tails. We are not
aware of any applications with exponential growth in
the tails, so this class of functions is quite general.
A sufficient condition for the bound (11) is that the
loan features Y” are independent; then, by the Azuma-
Hoeffding inequality, the bound is satisfied.

The ideas and results in this paper, which are de-
veloped for discrete time, can be extended to a con-
tinuous-time framework where events are governed by
counting processes with intensities. The law of large
numbers and central limit theorem for the continuous-
time framework satisfy a random ODE and an SDE,
respectively. Their forms are very similar to the forms
given above for the discrete-time model considered in
this paper. In fact, the discrete-time limiting laws pre-
sented here are the Euler discretization for the continu-
ous time limiting laws. Some examples of continuous-
time loan models that would be covered under such
an extension are the mortgage models studied by Deng
etal. (2000) and Mattey and Wallace (2001).

The model (2) can also be extended to allow for tran-
sitions to depend on the entire path of V up until time ¢.
The loan dynamics would be P[U}' =u |F,_;, V] =hy(u,
ur,,Yyn v, oHY ). Vi =V, ,...,V,) denotes
the path of V between times f—1, and t. In this
extended model, loan transitions from time f — 1 to ¢
are not independent conditional on 7,_;. The proofs of
all theorems and results hold trivially for this extended
model.

4. Computing the Approximation

The approximation (9) can be computed by Monte
Carlo simulation. First, many paths are simulated from
the systematic process V. Conditional on each path
of V, i can be calculated deterministically and the con-
ditional covariance of & can be evaluated in closed
form. Since E is conditionally Gaussian, this directly
yields the conditional distribution of E. Then, the
unconditional distribution for the approximation "
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can be found by averaging the conditional distributions
across the paths of V. We highlight that the approxi-
mate loss LY is simply a linear function of (fi, Z) plus
some independent Gaussian noise, and therefore is
also very straightforward to simulate. In effect, the
approximate loss LN can be simulated (at no extra cost)
on top of the simulated paths of (i, ).

4.1. Algorithm

The numerical evaluation of i and & conditional on
each path of V requires discretizing R” into computa-
tional cells and then calculating ji,(u, dy) and E,(u, dy)
at the center of each cell. Let the set of cells be € =
{c1,...,cx} where Uy, ¢, = % with associated centers
(i.e., grid points) & = {y,,...,yx} where y; € ¢;. The
initial measures i, would be calibrated to the data of
the pool, and the second-order correction Z, would be
set to zero. For each V, E,’s distribution on the set of
grid points can be computed in closed form (since it
is conditionally Gaussian). The approach is outlined
below:

* Define g% and EY to satisfy the LLN and CLT
evolution equations, but with initial condition )Y =
W(u,dy) where W(u,dy) = 35, fiio(u, )0y,

e Simulate paths V!,..., V! from the random vari-
able V. Conditional on a path V', let i¥ and E¥ be ji""!
and £/, respectively. For each V'

—Calculate "' (u,y,) for all y, € % at times t =
1,...,T.

—Calculate the (closed-form) covariance of E;y’l
across the grid points y,, ..., ygatt=1,...,T."

—For each V! and any function f, a numerical
approximation can be made:

f, F?I'l>~°ux°g/

d _ 1
~(f, Hb%xy +—=

VN

K
1
~ (u, y) | (u, yp) +
;;ﬂf ]/k (ut ]/k \/IT]

~N(m', 2,

(frED ey

=W,
‘:‘t (ur ]/k)

where u"' is the empirical measure Y for the path V',
ml = Zszl Zue% f(u/ yk)ﬁ;y’l(u/ yk)/ and Zl = (1/N) :
Var[Zf:1 Dueu fu, yk)éfj”(u, ¥i)] (which can be calcu-
lated in closed form).

e Collecting the conditional distributions for each V/,
the density of (f, i} )yx+ can be directly computed as
(1/L) S5, d(z,m', L") where ¢(-,m, L) is the density of
Gaussian random variable with mean m and covari-
ance X.

Alternatively, 2, could be directly simulated instead
of finding its closed-form covariance conditional on
each V' In this latter approach, one would simply sim-
ulate ZY for each V'. Such simulation is straightfor-
ward since E, is conditionally Gaussian given V. The

simulation scheme above has the advantage of lower
variance per sample with the same bias.

The convergence for the numerical error of the sim-
ulation scheme is analyzed in Online Appendix B. We
show that as the sizes of the computational cells tend to
zero (i.e., the number of grid points tends to infinity),
the error also converges to zero. Moreover, a specific
convergence rate is provided that can guide the choice
of the location of grid points, number of grid points,
and number of Monte Carlo trials. Given a fixed com-
putational budget, there is a trade-off between more
trials (reduction of variance) and more grid points
(reduction of bias). In Online Appendix B, we derive a
closed-form formula for the optimal allocation between
the number of grid points and the number of trials
provided a fixed budget.

We also prove a convergence rate for the approxima-
tion itself (including both approximation error of the
law of large numbers as well as numerical error from
the numerical scheme that computes the law of large
numbers). Let the maximum “radius” of the computa-
tional cells be

v :=> max max |y, —v’|.
Ki 2 k=1,...,K y,-,y‘feck |y1 yll

The mean-squared error of the numerical scheme for
the finite system expected value is

L 2
[E[([Eg((f, F‘f])u,x'y) - % Z g(ml)) ]
1=1

C _ &
< f Var[g({f, fuxy)] + Crdy Z [E[CS,t,i(V)Z]r?(,;‘
=1

variance . .
bias from numerical quadrature

Cs
N

bias from approximation
of finite system

(12)

The first term is the error from the Monte Carlo vari-
ance and can be reduced by increasing the number of
Monte Carlo samples L. The second term is the numer-
ical quadrature error and can be reduced by decreasing
the cell size 7y ;. The third term is the approximation
error for the finite system and decreases as the size of
the system gets large. Numerical experiments in Sec-
tion 5 suggest that the approximation bias for the law
of large numbers is very small even for N in the low
thousands. The constant Cg does not depend on the
number of Monte Carlo samples L nor the cell size ry ;.

Traditional Monte Carlo simulation of the system is
unbiased and has mean-squared error that decreases
as Cyc/L. However, each simulation of the system
requires simulating N individual loans. That is, NL
paths must be simulated to get L samples from
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8((f, 1 )ux)- The cost of the approximation depends
on the number of grid points required; as can be
seen from (12), this typically increases as dy increases.
Therefore, a rough comparison of the computational
costs of the approximation versus traditional Monte
Carlo is the number of grid points versus the size of
the system N; for instance, see Equation (15) and the
corresponding discussion later in this paper.

The computational performance of the LLN and CLT
can be further improved by the use of a nonuniform
grid for discretizing R?*. Using a nonuniform grid,
more points would be placed where fi (1, dy) is large
and less points would be placed where [iy(u,dy) is
small. Online Appendix D provides an example of a
particular nonuniform grid well adapted to our prob-
lem. The proposed grid is highly accurate even with
only a small number of grid points. A sparse grid can
also be used to further decrease computational time.
Online Appendix E describes this approach. Using a
sparse grid, simulation is performed at only a few
points and then the solution is evaluated on a finer
grid via interpolation. A final advantage of the approx-
imation is its reusability; one set of simulations on a
prechosen grid can be used to calculate the distribution
for many different pools by reweighting the simulated
CLT and LLN. Another choice, implemented in Sec-
tion 5.6, is a nonuniform sparse grid using k-means
clustering.

4.2. Efficient Low-Dimensional Approximation
If the loan-level feature space % is very high-dimen-
sional, the law of large numbers and central limit theo-
rem will be high-dimensional and computations using
traditional uniform grids can become expensive because
of the curse of dimensionality. The number of mesh
points in a uniform grid will grow exponentially with
the dimension d, of the loan-level feature space.
Fortunately, for a reasonably large subclass of mod-
els, one can perform a transformation of the LLN in
Equation (5) that converts the LLN into a low-dimen-
sional problem. Suppose that there is a function g,
suchthathy(u,u’,y,v,H)=g,(u, v, fo(y), v, H) where
fo: Y — R™ . Then, h,, is invariant under the coordinate
transformation w = f,(y) and one can reduce the high-
dimensional equation for fi,(#,dy) to the low-dimen-
sional equation:

ﬁt(u/ dw) = Z gﬁ(ul M’, w, Vt—l/ Ht—T:t—l)Flt—l(u// dZU),
e weRM. (13)

The same coordinate transformation can be used to
arrive at a low-dimensional CLT in terms of w. No
matter how large the original dimension dy, the trans-
formation reduces the dimension d, of the LLN and
CLT to a constant dimension d,;, paving the way for
tractable computations.

An example of a function h, that satisfies the nec-
essary requirement is any generalized linear model
(GLM), such as logistic regression (see Example 2.1).
GLMs are widely used in practice for default and pre-
payment modeling. Below is an example of the low-
dimensional transformation for GLMs.

Example 4.1 (One-Dimensional Efficient Approximation).
Let U = {c, p} where c represents a loan that is current
on its payments and p represents prepayment. Let Y"
be a vector containing loan-level features for the nth
loan and V; be a vector of systematic factors at time .
For this example, /1, does not depend on the mean-field
term HY. A logistic function is chosen for h,. Let the
parameter vector 6 = (6, 6) where X, = (1, V,). Then,

ee§~xt_1+9gw

X Y.yn '
1+ eep X1 +6,Y"

hﬂ(pr G, an Vt—lf Htl\i’r:t—l) =

ho(c,c, Y™, V,_y,HN

t—7:t-1

=1-hy(p,c,Y",V,_,HY ). (14)

Let w = 0) - y. Then, both the low-dimensional LLN
(13) and the low-dimensional CLT only have one spatial
dimension, even though y may be high-dimensional.

Furthermore, beyond GLMs, the transformation al-
lows arbitrary complexity with respect to the input fac-
tors y and v; the sole restriction is that v can only inter-
act with y through the function f,(y). For instance, hg
could be of the form where it is a softmax function of
two neural networks: the first neural network’s input
is v, and the second neural network’s input is y. GLMs
can also be made arbitrarily nonlinear in the input
space y by adding features that are nonlinear functions
of y (e.g., using polynomials or other basis functions).
It is important to emphasize that the dimension dy
does not depend on how large the original dimen-
sion dy is; thus, even as d, grows, the computational
cost of the low-dimensional LLN and CLT remains the
same.

The initial distribution fiy(#,dw) in (13) can be cali-
brated directly from the data available for the pool of
loans. Simply transform the features Y = (Y!,..., Y")
to W=(W!,...,WV) via the map f, and then calculate
the empirical distribution of W. Because of their broad
applicability and computational tractability, the low-
dimensional LLN and CLT are very useful in practice.

The combination of the low-dimensional transfor-
mation and the nonuniform grid schemes mentioned
in the previous section make simulating the pool loss
and prepayment levels via the LLN and CLT very com-
putationally tractable. For models of h, that do not
fall under the subclass of models for which the low-
dimensional transformation is applicable, or where
dy > 3 and therefore the low-dimensional transforma-
tion is too computationally costly, one can still com-
pute the approximation (9) for high dimensions (with-
out any transformation) via sparse nonuniform grids.
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We describe and numerically implement this latter
approach in Section 5.6, which also strongly outper-
forms brute-force simulation of the actual pool.

5. Computational Performance of the

Approximation

We compare the accuracy and computational cost of
our approximation with brute-force Monte Carlo sim-
ulation using actual mortgage data. We find that the
approximation has very high accuracy even for small
pools in the hundreds of mortgages. Its computational
cost is typically orders of magnitude lower than brute-
force Monte Carlo simulation of the actual pool.

5.1. Models and Data

Unless noted otherwise, we test the performance of
the approximation using logistic regression models of
the transition function h, in (2); see Example 2.1. The
model parameters O are estimated from loan perfor-
mance data by the method of maximum likelihood; see
Online Appendix F for details. For simplicity, the loss
given default is normalized to one.

We consider two loan performance data sets, allow-
ing us to run tests using different parameter sets.
The first consists of over 10 million subprime mort-
gages during the time period 1995-2013. The mort-
gages are spread across the entire United States, cov-
ering over 36,000 different zip codes. The feature data
(the Y") includes zip code, FICO score, loan-to-value
(LTV) ratio, initial interest rate, initial balance, type of
mortgage, deal ID, and time of origination. We con-
sider three states: current, prepayment, and default.
Prepayment and default events are recorded in the
data set on a monthly basis, suggesting a monthly
time step for the discrete-time model (2). The second
data set, obtained from Freddie Mac, contains agency
mortgages over the time period 1999-2014 and consists
of 16 million mortgages. Freddie Mac insures against
any default losses, so prepayment and default can be
treated as the same event. Thus, we only consider two
states, current and prepayment. Prepayment events are
recorded on a monthly basis in the data set. The fea-
ture data (Y") includes FICO score, first-time home-
buyer indicator, type of mortgage, maturity date, num-
ber of units, occupancy status, combined loan-to-value,
original debt-to-income ratio, LTV ratio, initial inter-
est rate, prepayment penalty mortgage indicator, loan
purpose (purchase, cash-out refinance, or no cash-out
refinance), original loan term, and number of borrow-
ers. The zip codes for each mortgage have been par-
tially anonymized in this data set, but the metropolitan
statistical area (MSA) is reported for each mortgage.
There are 430 different MSAs reported in the data set.

The loan performance and feature data sets are
complemented with data on macroeconomic variables,
including the national unemployment rate and the

national mortgage rate. These variables represent the
systematic factors V. They are modeled as (indepen-
dent) discrete-time random walks with standard devi-
ations fitted to their historical values.

Online Appendix F reports the fitted parameter 0
for each of the two logistic regression models (one for
subprime loans and the other for agency loans). The
systematic factors are especially influential for both
default and prepayment. The LTV ratio and initial
interest rate are notably important factors for subprime
default, while FICO score and initial interest rate are
important factors for agency prepayment. Subprime
prepayment appears to be largely driven by the sys-
tematic factors.

5.2. Performance of LLN and CLT

First, we demonstrate the accuracy of the approximate
distribution by comparing it with the “actual distribu-
tion” for the pool. The actual distribution is the distri-
bution under the fitted model and is found via brute-
force Monte Carlo simulation using a large number
of Monte Carlo samples. The pool is drawn at ran-
dom from the subprime data set. (We note that the
“actual distribution” itself has Monte Carlo error, but
this Monte Carlo error is small as shown in Online
Appendix G.)

We perform 25,000 Monte Carlo trials for both the
brute-force simulation of the actual pool as well as the
simulation of the approximation. We simulate the pool
for a one-year time horizon, with monthly discretiza-
tion (T = 12). Since we model both default and prepay-
ment for subprime loans, dy, =2 for the approxima-
tion. Our implementation of the approximation uses
nonuniform grids; see Online Appendix D. Table 1
reports the accuracy of the approximation for 100 ran-
domly drawn pools. Each pool is of size N = 2,500.
Figures 1 and 2 of Online Appendix G further illustrate
the accuracy of the approximation.

Computational costs are reported in Table 2 for dif-
ferent sized pools N. In general, a rough approxima-
tion of the ratio of the computational costs is

Cost of LLN B &
Cost of Simulation of Actual Pool = N

. (15

where N, is the number of grid points needed for
the numerical solution of the LLN and CLT equations
across the space R, and N is the number of mort-
gages in the actual pool. For instance, if one only needs
25 grid points, the ratio of computational costs is 25/N.
For a million mortgages, that leads to a reduction in
computational time of well over four orders in magni-
tude. Computational times listed in Table 2 for brute-
force simulation of the pool, simulation of the LLN,
and simulation of the full approximation (LLN com-
bined with the CLT) are for d,, =2 (model includes both
prepayment and default). These computational times
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Table 1. For 100 Pools, We Calculate Various Measures of the Accuracy of the
Approximation for the 99% VaR for the Loss from Default

Error in
Approx. MSE Bias percent Variance 10% quantile ~ 90% quantile
LLN 1.54x10°  3.91x1073 0.39 5.06 x 1077 43x107 3.51x107
LLNand CLT 1.31x107 1.35x10™* 0.03 5.17x107 6.06x10™* -3.81x10™*

Notes. Each pool is of size N =2,500 and is randomly drawn from the data set. We calculate the mean-
squared error, the bias, and the average percent error (JActual VaR — Approx. VaR| X 100%). We also
calculate the variance of the approximation. Finally, as a measure of the rarity of “large approximation
errors,” we report the 10% and 90% quantiles of the error of the approximation across the 100 pools.

are for a 12-month time horizon and 25,000 Monte
Carlo trials.

We also study the accuracy of the approximation for
the moments of default losses for randomly selected
subprime pools. Table 3 reports the percent error of
the approximation for the moments of the pool loss
for different sizes N at a T = 12 month time horizon.
The actual values for the moments are calculated via
brute-force Monte Carlo simulation with 50,000 trials.
50,000 Monte Carlo trials are also used for the approx-
imation of the moments. There is lower comparative
accuracy for higher-order moments that represent the
non-Gaussian characteristics of the finite pool. These
non-Gaussian characteristics fade as N becomes large.

5.3. Numerical Performance Across Actual Deals
The subprime data set covers over 6,000 deals." As
mentioned earlier, for each mortgage, a deal ID is avail-
able. One can therefore reconstruct the actual pools for
deals. We will perform some numerical tests to study
the approximation’s accuracy across the wide diversity
of deals in the data universe.

Table 2. Comparison of Computational Times (Seconds) for
Approximation and Brute-Force Monte Carlo Simulation of
the Pool

Figure 1 compares the approximate distribution with
the actual distribution at a time horizon of 12 months
for 10 actual deals in the data set. The deals are cho-
sen at random and each contains between 5,000 and
10,000 mortgages. It is interesting that the default rate
can vary considerably between deals as a consequence
of the quality of the underlying mortgages, demon-
strating how important it is for a model to consider the
loan-level characteristics of the mortgages in the pool.

To further assess the accuracy of the approxima-
tion, a set of deals is selected at random from the
data set, and the approximation’s 99% value at risk
(VaR) is compared with the true 99% value at risk.
Tables 4 and 5 report the numerical performance of the
approximation.

5.4. One-Dimensional Approximation

So far, we have focused on the case where d,, = 2
(both default and prepayment events are considered).
To demonstrate the one-dimensional approach, we use
the agency model, which only includes prepayment.

Figure 1. (Color online) Comparison of Actual Distribution
with Approximate Distribution for 10 Actual Deals with
5,000 < N <10,000

Time for 80 " " ! ! '
brute-force Time for Time for —— Actual loss distribution

N simulation LLN LLN and CLT 70r - — - Efficient MC approximation |
1,000 44.34 1.03 2.67 60 | d
5,000 153.78 1.03 2.67
10,000 273.39 1.03 2.67 50 | d
25,000 608.94 1.03 2.67
100,000 2,847.43 1.03 2.67 a0 L |
1,000,000 28,563.68 1.03 2.67

30 + B
Table 3. Percent Error for Monte Carlo Approximation for

20 + B
Moments of the Loss

First Second Third Fourth Fifth 10F 1
N moment moment moment moment moment \
0 . ‘ ‘ ‘

500 0.69 13 1.9 25 32 0.02 0.04 0.06 0.08 0.10 0.12 0.14
1,000 0.44 0.87 1.3 1.7 2.2 Loss from default
5,000 0.09 0.19 0.28 0.36 0.45 Notes. Loss reported as fraction of pool that defaulted. The horizon
10,000 0.07 0.14 0.22 0.30 0.37

is 12 months.
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Table 4. Accuracy of the Approximation for the 99% VaR for the Loss from Default and
Prepayment, for 100 Pools of Size 4,000 < N < 10,000

Error in
Approx. MSE Bias percent Variance 10% quantile ~ 90% quantile
LLN 3.19%x10° 1.75x10°° 0.18 2.66x10™ 1.32x107 2.2x107°

LLNand CLT 572x10® 2.80x107° 0.01 2.66x107 -1.69x10™ 2.59x107*

Notes. Each poolis an actual subprime mortgage deal with sizes 4,000 < N <10,000. Each mortgage deal
is drawn at random from the data set. We calculate the mean-squared error, the bias, and the average
percent error (|Actual VaR— Approx. VaR|x100%). We also calculate the variance of the approximation.
Finally, as a measure of the rarity of “large approximation errors,” we report the 10% and 90% quantiles
of the error of the approximation across the 100 pools. The time horizon is 12 months, and 50,000
Monte Carlo simulations are used.

Table 5. Accuracy of the Approximation for the 99% VaR for the Loss from Default and
Prepayment, for 100 Pools of Size 300 < N < 2,500

Error in
Approx. MSE Bias percent Variance 10% quantile ~ 90% quantile
LLN 5.34x107° 6.93x107 0.69 4.24%x10™* 496 %107 8.86x 1073

LLNand CLT 294x107 4.01x10™* 0.04 4.48x10™ -7.72%x107¢ -8.21x10™*

Notes. Each pool is an actual subprime mortgage deal with sizes 300 < N < 2,500. Each mortgage deal
is drawn at random from the data set. We calculate the mean-squared error, bias, and average percent
error (|Actual VaR — Approx. VaR|x 100%). We also calculate the variance of the approximation. Finally,
as a measure of the rarity of “large approximation errors,” we report the 10% and 90% quantiles of
the error of the approximation across the 100 pools. The time horizon is 12 months, and 50,000 Monte
Carlo simulations are used.

Table 6. Accuracy of the One-Dimensional Approximation for the 99% VaR for the Loss
from Prepayment, for 100 Pools of Size N = 2,500

Error in
Approx. MSE Bias percent Variance 10% quantile  90% quantile
LLN 4.27x10°  1.77x10°® 0.17 3.99%x107° 5.35x10™* 291x107°

LLNand CLT 1.36x10° 4.59x10™* 0.08 3.97x107° -7.59%x10™ 1.59%x1073

Notes. Each pool is drawn at random from the data set. We calculate the mean-squared error, bias,
and average percent error (|Actual VaR — Approx. VaR| x 100%). We also calculate the variance of the
approximation. Finally, as a measure of the rarity of “large approximation errors,” we report the 10%
and 90% quantiles of the error of the approximation across the 100 pools. The time horizon is 12 months,

and 25,000 Monte Carlo simulations are used.

As indicated in Table 2 of Online Appendix F, this
model has 22 feature variables (Y"), which amount
to 22 dimensions in the feature space. To obtain an
even higher-dimensional model, we also include the
metropolitan statistical area (MSA) as a feature vari-
able. Since there are 430 MSAs in the data set and
each of them is represented by a dummy variable, we
now have d, = 452. We emphasize that, even though
dy =452, dy, only equals 1.

Table 6 reports results for the one-dimensional
approximation. Figure 3 of Online Appendix G com-
pares the approximation with the actual prepayment
distribution for a randomly drawn pool of loans.

5.5. Precomputation for Financial Institutions

In Online Appendix E, we propose to presimulate gV
on a prechosen grid and then use this one set of sim-
ulations on the single grid to find the distribution

for many different mortgage-backed securities (MBSs).
Using this approach, the approximation can provide
great computational cost savings even for very small
MBSs, as long as a financial institution is dealing with
many of these small MBSs in aggregate.

We now illustrate this approach using the agency
model from Section 5.4. One hundred pools, each of
size N = 2,500, are drawn at random from the agency
mortgage data set. Each of these pools is simulated
25,000 times using brute-force Monte Carlo simula-
tion. Using the approximation, we also presimulate on
a prechosen grid. Twenty-five thousand Monte Carlo
paths are also used for the simulation on this grid.
The prechosen grid only has 20 grid points, placed at
uniform intervals. The distribution of gV is smooth
in w, so one can numerically interpolate from the
sparse grid points to get a finer solution. We use piece-
wise cubic spline interpolation.'” This saves computa-
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Table 7. Accuracy of the One-Dimensional Approximation Using Presimulation for the
99% VaR for the Loss from Prepayment, for 100 Pools of Size 2,500

Error in
Approx. MSE Bias percent Variance 10% quantile ~ 90% quantile
LLN 9.24x10° 1.51x10°° 0.17 1.79x107° -8.97x107 411x107°

LLNand CLT 5.87x10°° 2.60x10™ 0.14 1.79x107° -1.89x107 2.96x1072

Notes. Each pool is of size N =2,500 and is randomly drawn from the data set. We calculate the mean-
squared error, the bias, and the average percent error (JActual VaR — Approx. VaR| X 100%). We also
calculate the variance of the approximation. Finally, as a measure of the rarity of “large approximation
errors,” we report the 10% and 90% quantiles of the error of the approximation across the 100 pools.
The time horizon is 12 months, and 25,000 Monte Carlo simulations are used.

Table 8. Accuracy of the Approximation Without Low-Dimensional Transformation for the
99% VaR for the Loss from Default and Prepayment, for 100 Pools of Size 5,000 < N < 10,000

Error in
Approx. MSE Bias percent Variance 10% quantile ~ 90% quantile
LLN 2.54x10°  5.00x107 0.50 2.94%x1078 4.18x1073 5.7x1073

LLNand CLT 259x10® 1.11x10™* 0.14 3.57x107 —4.72x107° 2.56x107*

Notes. Each pool is an actual subprime mortgage deal with sizes 5,000 < N < 10,000. Each mortgage
deal is drawn at random from the data set. We calculate the mean-squared error, bias, and average
percent error (|Actual VaR — Approx. VaR|x100%). We also calculate the variance of the approximation.
Finally, as a measure of the rarity of “large approximation errors,” we report the 10% and 90% quantiles
of the error of the approximation across the 100 pools. The time horizon is 12 months, and 25,000

Monte Carlo simulations are used.

tional time since it allows one to simulate on a very
sparse grid but still ultimately achieve a very accurate
solution on a fine grid.

Table 7 reports statistics for the accuracy of the ap-
proximation using presimulation. The time horizon is
12 months. The approximation is very accurate.

5.6. Approximation Without Low-

Dimensional Transformation
The previous numerical solutions of the law of large
numbers and central limit theorem rely on an exact low-
dimensional transformation, which requires a restric-
tion on the interaction between the factors Y”" and V.
Although that low-dimensional transformation still
covers a wide range of models, for completeness, we
now present some methods for the computation of the
LLN and CLT for the full class of models where a high-
dimensional feature space % may make a traditional
Cartesian grid infeasible.

We let hy be a function of two neural networks,
one for defaults and one for prepayments (see Exam-
ple 2.2). Both neural networks have a single hidden
layer of five neurons. The loan-level features are FICO
score, LTV ratio, original balance, and initial interest
rate. The neural network for defaults also takes as an
input the national unemployment rate, while the neu-
ral network for prepayments takes both the national
unemployment rate and the national mortgage rate as
inputs. The model is trained on the subprime mortgage

data set. The model parameter estimates are available
on request.

When the low-dimensional transformation is not
applicable, different methods must be used to effi-
ciently evaluate the LLN and CLT. One approach is to
cluster the pool into K clusters using k-means cluster-
ing on Y!,...,YN. The K centroids are chosen as the
grid points. This is a sparse nonuniform grid in a high-
dimensional space. Table 8 reports the performance of
this method.

Another approach is to perform a low-dimensional
transformation with a neural network. This alternative
approach is described in Online Appendix G.3. Addi-
tional figures showing the performance of these sparse
grid methods are included in Online Appendix G.3.

6. Conclusion

This paper develops and tests efficient numerical meth-
ods for the analysis of large pools of loans as well
as asset-backed securities backed by such pools. For a
broad class of statistical and machine learning models
of loan-level risk in discrete time, we prove a law of
large numbers and a central limit theorem for the pool-
level risk. The asymptotics are then used to construct
computationally efficient approximations for a large
pool. We extensively test our approach on actual mort-
gage data. The approximation is highly accurate even
for relatively small pools (as little as 500 loans). In prac-
tice, pools commonly range from a few thousand to
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hundreds of thousands of loans. Brute-force simula-
tion for large pools can be computationally expensive;
our approximation can save several orders of magni-
tude in computational time. The asymptotic approxi-
mation accounts for the full loan-level dynamics, tak-
ing advantage of the detailed loan-level information
typically available (such as credit score, loan-to-value
ratio, initial interest rate, and type of loan). A key fea-
ture of our approximation is that its computational cost
is constant no matter the dimension of the loan-level
data. This feature is desirable since loan-level data can
be high-dimensional.
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Endnotes

1Y" includes both continuous and categorical variables. Categorical
variables are encoded as a vector whose elements are each in {0,1}.
Of course, {0, 1} is a subset of the real line, so % C R™.

2The time ¢ can also be included in the systematic factor vector V.

3To be concrete, consider a single geographic area and let % = {c, d},
where ¢ represents a loan that is current on its payments and d
represents default. Specify U} =c for t <0. Let fA(U},Y") = Lyneg
in (1), where 1, is the indicator function for an event A. The fraction
of loans that defaulted in the (¢t — 1)th period in the area takes the
form HY, —HY,, and can therefore be written as a functionof HY, , ;.
The loan dynamics can then depend on the defaults in the pool (or
geographic area) via HY.

4Here we have implicitly assumed a unit notional for each loan. This
paper’s results can be extended to the case of loans with different
notional sizes as long as the loans’ notional sizes are bounded (which
they are in practice). The notional size of the loan would be included
in the Y" variable.

5F01' instance, <f’v>‘ll><°l/ = Zue"//, ff/ f(”ry)V(u/dy) and <f(u,‘),1/(1/l, )>g/
= [y f(u, y)v(u,dy).
6 A function f is smooth if f € C*.

7For instance, consider the random variable XV where XV =2V
with probability 1/N and is otherwise 0. XN 0 but E[X"] — co as
N — oo,

81n other words, there is some positive constant C, such that |g(x)| <
|x|¥ for |x| = C, and k € N.

9This is the equivalent of solving the LLN and CLT if % was finite-
dimensional—i.e., at a finite set of grid points y,, ..., yx. A general-
ization allowing different sets of grid points for different states u is
straightforward.

10provided Cov[E,_,(u, yi),i,,1(u’,y/-) |V'] and Cov[E,_,(u,y;),
Ey,,| V'] for all y,, y; € % and u,u’ € U, one can calculate the
quantities Cov[Z, (1, y,), &, (', y;) | V'] and Cov[&,(u,y,), Ey,—1 | V']
in closed form. Thus, one can march forward through time, calculating

the (closed-form) covariance of £} across the grid points y;, ..., yx
ateachtimet=1,...,T.

11“Deal” refers to the securitization of a pool of mortgages into an
MBS. An MBS'’s structure may vary widely: it could be anything
from a pass-through to a collateralized mortgage obligation (CMO).
A CMO has a tranched structure, with different payment rules for
the different tranches.

12 An interesting question is whether one is guaranteed that the inter-
polated solution at any point y converges to the correct value as the
number of Monte Carlo samples increases and the distance between
grid points decreases. If 1 is continuously differentiable and X takes
values in a compact set, such convergence holds (by the applica-
tion of a Taylor expansion, boundedness of continuous function on
a compact metric space, and the dominated convergence theorem).
More general cases may require additional technical conditions.
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