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1. Introduction

In the context of Monte Carlo (MC) simulation, changes of probability measure have by and large been employed
to reduce the variance of a simulation estimator.' Samples are generated under an auxiliary probability measure
Q instead of the reference probability P. The resulting distortion is corrected by reweighting the estimator by the
likelihood ratio of the two measures. A carefully chosen Q can reduce the simulation variance. In this article, by
contrast, we construct and analyze a change of measure to reduce or even eliminate the simulation bias.

We consider the simulation of point processes, which are widely used in finance, economics, queuing, actuarial
science, and other disciplines as models for the timing of events. Some examples of event timing include corporate
bankruptcies, market crashes, equipment failures, and insurance claim arrivals. The point process dynamics are
specified by an intensity, or conditional event arrival rate. A deterministic intensity generates a Poisson process,
which is easily sampled exactly. Many applications call for a stochastic intensity process, which specifies a richer
point process model. A standard sampling approach for such point processes harnesses a result of Meyer [40],
which states that under mild conditions, a point process can be constructed by time-changing a Poisson process by
the compensator (cumulative intensity); that is, the point process arrivals are the hitting times of the compensator
for a sequence of levels determined by the Poisson arrival times. This sampling approach has a very broad scope.

A major disadvantage of the time-scaling approach is that it usually generates biased simulation estimators.
For most point process models of interest, only a skeleton of the compensator process can be generated.” A skele-
ton, however, is insufficient to determine the exact hitting times. The required approximation of the hitting times
introduces bias into the simulation estimator. The analysis of Shkolnik et al. [47] suggests that the convergence
rate of the estimator’s error is of weak order one for a suitable class of functions.

We develop a change of probability measure that can reduce or even eliminate the bias of the time-scaling algorithm
without restricting its scope of applicability. We construct a simulation measure, Q, under which the point process in-
tensity is a pure jump process with jumps occurring at the event times. The Q-intensity approximates the reference mea-
sure (P) intensity, and the two coincide at the event times. The corresponding compensator is a piecewise-linear approx-
imation of the P-compensator, and therefore can be easily inverted to exactly determine the hitting (i.e., event) times
under Q. The Radon-Nikodym derivative between P and Q transforms the Q-samples into the desired P-samples.

Our approach eliminates the need to approximate the event times on a discretized time grid, given a skeleton
of the compensator. It avoids the dominant (order one) source of bias of the time-scaling algorithm. Analogous
to time scaling, the remaining potential sources of bias in our algorithm are the sampling of intensity values and
their numerical integration, which is required to evaluate the Radon-Nikodym derivative. Exact methods can
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potentially be used to eliminate the intensity sampling bias.” Assuming exact intensity samples, we develop a
bound for any residual bias of the simulation estimator due to integration. We also show that if a certain bridge
transform can be evaluated for the model at hand, then the integration bias can be entirely eliminated and the al-
gorithm is exact. This is possible for a broad class of jump-diffusion intensity models.*

Remarkably few adjustments to the standard time-scaling algorithm are required to incorporate our change of
measure. The new algorithm has several advantages over the standard scheme, in addition to the reduction in sim-
ulation bias. The implementation is simpler. The simulation of the estimators can be vectorized and parallelized to
achieve significant computational gains. Finally, the improved accuracy of higher-order schemes and unbiased
methods can be harnessed to mitigate the potential remaining sources of bias described above.

Our measure change is based on a result that is of independent interest. We provide mild conditions under
which a class of important, point process local martingales (Brémaud [8, theorem VI.T2]) is a class of (true)
martingales. This facilitates the construction of measure changes for point processes and extends the results of
Blanchet and Ruf [5], Brémaud [8], Collin-Dufresne et al. [15], Giesecke and Zhu [25], Sokol and Hansen [48],
and others.

The remainder of the introduction discusses the related literature. Section 2 introduces our point process mod-
el for event timing, states the computational problem, and reviews the standard time-scaling algorithm. Section 3
introduces the theoretical change of measure results underlying our algorithms. Sections 4 and 5 develop and
analyze the plain and exact versions of our scheme. A numerical study illustrating the performance of the algo-
rithms is found in Section 6.

1.1. Related Literature

Prior work has examined the simulation of point processes, with recent focus placed on exact algorithms. Daley
and Vere-Jones [17] review some approaches, including time scaling. Because of its broad scope, the time-scaling
algorithm appears to be the most widely used scheme in applications requiring the simulation of point processes.
See, for instance, Duffie and Singleton [20] for a discussion of the time-scaling algorithm in the context of default
timing applications, where one is interested in estimating financial loss due to default in portfolios of bonds, or
the computation of prices of securities backed by these pools. Giesecke and Kim [23] show that the time-scaling
algorithm can generate a downward-biased estimator of portfolio risk measures, which in turn might lead to in-
sufficient risk capital reserves. Our results supply adjustments to the time-scaling algorithm that are guaranteed
to significantly improve the performance of the simulation estimator. These adjustments do not restrict the broad
scope of the algorithm.

Lewis and Shedler [38], Ogata [42], Glasserman and Merener [31], Li [39], and others develop thinning algo-
rithms. These schemes are exact if the intensity is bounded (possibly by a process), and the intensity, the bound,
and the arrival times of the point process governed by the bound can be sampled exactly. However, many point
process models of interest in applications have unbounded intensities that are driven by (jump) diffusions.
Giesecke et al. [27] develop thinning-type schemes to treat these cases. The schemes allow one to control (and in
some cases even eliminate) the bias. However, they require knowledge of transition and hitting time distribu-
tions for the intensity process. The sampling algorithms developed in this article cover unbounded intensities.
Our standard algorithm does not require the computation of any nontrivial quantities, and thus has a very broad
scope. The exact version of the algorithm requires only the computation of a bridge transform of the compensa-
tor,” which is tractable for a large class of jump-diffusion intensity models.

Giesecke et al. [26, 28] use projection arguments to develop exact sampling schemes. Their schemes require the
computation of certain point process filters, which is straightforward for some models but difficult for others.
This is not unlike the exact version of our algorithm, for which certain precomputations are required. Duffie and
Singleton [20] and Giesecke and Kim [23] discuss exact inverse transform schemes. These algorithms require the
evaluation of a bridge transform, and the sampling of values from this transform, which can be computationally
expensive and difficult to implement. The exact version of our algorithm requires only the evaluation of that
transform, not the sampling of values from it.

Finally, there is growing interest in the exact sampling of jump-diffusion processes with state-dependent coef-
ficient and jump intensity functions (e.g., Casella and Roberts [10], Giesecke and Smelov [24], Pollock et al. [44]).
Here, the jump times of the process generate the point process of interest. Unlike our approach, these methods
are currently limited to one-dimensional processes. However, the methods can potentially be used in the imple-
mentation of our algorithms (see Chen et al. [11]).
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2. Problem Formulation

2.1. Event Timing Models

Fix a complete probability space (Q,F,P) with a right-continuous and complete information filtration
F = {F;},0. Consider n € N distinct and totally inaccessible stopping times {7;};_;. The variable 1; represents the
arrival time of some event i, for example, a loan default, an insurance claim, a failure of a system component. An
event indicator process N' is defined as

Ni=1(<p

for t > 0, where 14 is the indicator of s € F. The process N = (N',...,N") takes values in S = {0,1}" and is a mod-
el for the timing of n events.

A standard approach to constructing the process N proceeds as follows.” Let Hj be a right-continuous, com-
plete filtration, and let H; = {H.},., be the progressive enlargement of Hj (see Protter [45, chapter VL3]) by the
random times {1;},;, defined below. Let {&;};_; be a collection of independent and identically distributed (i.i.d.)
standard exponential random variables with each 0(&;) and H', independent. Then, for a continuous, increasing,

H;-adapted process H' that starts at zero, we set”

=inf{t>0:H! >&;}. @

The filtration F is then taken as \/7,H;. The independence of ¢(&;) and H., ensures that the knowledge of the event
time is not involved in its own construction. However, information about the events other than itself may be used.”

The pairs (H',&;) are closely related to the compensator of N, which governs the joint law of the event
times. By the Doob-Meyer decomposition, this compensator is the unique, increasing, predictable process
A= (Al,...,A") with A’ =0 such that every M! = N’ — A’ is a local F-martingale. In fact, each M’ is a martingale 7
As the event times are totally inaccessible, A’ is continuous (Protter [45, theorem II1.24]) and A} = Hj, .. More-
over, A defines a change of time under which N is a vector of independent Poisson processes stopped at their
first arrival times (Meyer [40]). If every 7; < co almost surely, the {A} are i.i.d. standard exponentials, corre-
sponding to the {&;} in (1)."

It is convenient and standard to assume that each H' is absolutely continuous with respect to the Lebesgue

measure, that is,
t .
=/@@
0

for some nonnegative and H;-progressively measurable process . We consider h = (h!,...,h") to be the model-
ing primitive but do not impose any particular structure. In applications, h might be governed by a system of sto-
chastic differential equations (SDEs) that represent diffusive as well as jump sources of randomness.'" The pro-
cess h uniquely specifies the law of N, by (1). It can be interpreted as a conditional arrival rate, because

P( s N1_1|J»s)_11{1>5}6E(A5+b AL Fy)
"“hs]l{Ti>5}

for small 6 > 0 with equality almost surely as 6 | 0 by dominated convergence (see footnote 9 for the requisite in-
tegrability condition). We let

p; = hi]l{TPS}

denote the Lebesgue density of the compensator process A’. The vector process p = (p!,...,p") is referred to as
the intensity of N (Brémaud [8]).

2.2. Computational Problem
The combinatorial (in S) aspect of many event timing models limits the scope of possible computational methods.
In particular, given a Borel f : SI%* — R, we are interested in computing the expectation'?

y =E(f(N)). )
Analytical or semianalytical (i.e., deterministic) methods to compute the expectations in (2) usually have expo-
nential complexity. For example, Jarrow and Yu [32] provide an elementary model that leads to a formula for the

joint and marginal distributions of the {7;};_; with O(2") terms (see Collin-Dufresne et al. [15, section 43))." Itis
not known whether this may be improved, but the problem is NP-hard (reducible to the independent set
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problem), and one may craft instances that take exponential time to approximate. A common approach to esti-
mating (2) that overcomes these difficulties is Monte Carlo simulation,

To estimate Y in (2) via MC simulation, we generate a collection {Y" }I", of m i.i.d. samples ¥ of f(N). The em-
pirical average §,, => 1Y / m is the MC estimate of y. Unbiased estimates have y = E(#,,), but often the sample
Y is biased. In this case, y =E(j,,) + bias, where the bias term is due to Y being sampled using an approximation
to the law of N, not the exact law. The bias typically persists even when the number of samples m is increased.
To see this, consider the mean-squared error (MSE) of the estimate

MSE(#,,) = E((#,, —y)*) = 03 /m + bias®, 3)

where G%, = Var(Y) is the variance of the sample. Increasing the number of trials m reduces the error G%/ /m, but
the bias remains unaffected. The bias may be reduced only by increasing the computational effort associated

with obtaining the samples. When Y can be sampled from the exact law of f(N), (3) implies that MSE(j,,) — 0 as
m T co. The choice between a biased or an exact estimator is typically based on a trade-off between computational
effort and desired precision (see Asmussen and Glynn [1], Glasserman [30]).

As discussed in Section 1.1, there are several schemes, biased and exact, for sampling f(N). The scheme with
the widest scope is based on Meyer’s time change (see Section 2.3; cf. Shaked and Shanthikumar [46], Yu [50]).

2.3. Time-Scaling Scheme

The time-scaling construction (1) of N suggests a basic scheme for simulating the event times {7;} for a given  us-
ing independent, exponential random variables. Algorithm 1 summarizes the steps. Step 2 contains the only non-
trivial part of the procedure.'* We see that the time-scaling estimator is unbiased only if exact samples from the
law of H™! can be drawn. This is rarely possible for models common in applications. For most models of , the
time integral in (4) will be approximated. A standard approach is to discretize time as 0 < t; <---<t; <---, and sim-
ulate values of k at the {t;} to approximate the integral. Although this approach has a broad scope (only samples
of the skeleton of & are required), it introduces bias into the MC estimator.

Algorithm 1 (Time Scaling; Generates a Sample Y of Y = f(N))
1. Draw i.i.d. standard exponential random variables &y, ..., &,.

2. For every &; generate a path of i’ (and H i) up to 7; such that

/ flds=¢. @)

3. SetNi =1« fors>0andi=1,...,nand returnf(N).
Notes. X refers to a sample of a random variable X.

We distinguish the following three potential sources of bias (throughout, A, = t; —t;_1):

1. Intensity discretization. Often the samples of h at the grid points {t;} are generated using a discretization scheme
such as Euler’s method. The use of such schemes introduces error into the samples. The analysis of this source of
bias is relatively standard (see Asmussen and Glynn [1, chapter X]).

2. Numerical integration. The approximation of the integral in (4) given the values {h } also introduces bias. A va-
riety of quadrature rules may be used. It is often convenient to consider the discretization of dH! = hids to analyze
the error in conjunction with that of the intensity process discretization.

3. Event time location. The 7; must be placed within a grid cell (t;_1, ¢;] such that H <& and H > & per (4). Vari—

ous heuristics are available. The right and midpoint rules set 7; = t; and ; = (fj_1 + t]) /2, respectlvely Taking h' lin-

ear on (tj_1,t], the equatlon H = cfz is approximated by taking the larger root of at? +b%; +c=0 fora=1 (H -

i, i)/ (G —ti1), b= I, ., andc=H tH — ¢&;. One could also interpolate H' directly to solve for the crossing time. How-

ever, irrespective of the heuristic, the error in general is O(A,).

The bias due to (1) can be reduced or eliminated by higher-order discretization, unbiased, or exact methods,
respectively.'” Higher-order numerical integration methods can also help mitigate the bias due to (2). If H is
simulated exactly at the grid points,16 the bias due to (1) and (2) vanishes. In any case, the event time location
O(Ay) bias, (3), remains.”” It dominates the error of the time-scaling estimator. For further discussion, see
Shkolnik et al. [47].
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3. Simulation Measure
We develop a change of measure from P to a simulation measure Q that can reduce or even eliminate the bias of
the time-scaling scheme (see Sections 4 and 5). This section establishes the theoretical foundations of our ap-
proach. To avoid cumbersome technical difficulties, we assume where it is relevant that the information filtration
F is augmented by the null sets of Q (see Remark 3.5).

As N is specified in terms of an intensity process, a natural way to induce a change of measure is to adjust the

intensity process p of N; that is, we require every N' admit a (Q,F)-intensity q' so that N’ — / gids forms a
0

(Q,F)-martingale. To this end, we let u = (', ..., u") be a process such that every u' is nonnegative, H;-predictable
and locally bounded. For each i we define
g =u'p'and Q= / uthlds. )
0
Without loss of generality, and throughout this section, we take the predictable version of the intensity p (also of
h) see Brémaud [8, theorem IL.T13]).'® Under the simulation measure Q, our MC estimator of (2) takes the form

Y =f(N)Ls (6)

where L, is a positive random variable given by'’
Lo = exp (Z (Q' - H"), —Ni log (uii)). 7)

i=1

Under the mild conditions to be stated in Lemma 3.2 below, L, is the Radon-Nikodym derivative of P with re-
spect to Q. Consequently,

y =Eq(Y). ®)
We now provide the technical results to establish a simulation measure Q. We let Z, = 1/L, throughout.*

Theorem 3.1. Suppose that for every i we have either Q' = oo or H', < oo P-almost surely. Then, Q = Z.,P defines an ab-
solutely continuous probability measure. Moreover, N admits the Q-intensity q = (q',...,q") per (5).

The proof of Theorem 3.1 is deferred to Appendix A and concludes that the random variable Z,, >0 has
E(Zs) =1 and thus defines the absolutely continuous change of measure. From the predictable version of the
Girsanov-Meyer theorem (Protter [45, chapter II.41]) one can deduce the adjustment of any local (P, F)-martin-
gale under passage from P to Q. In particular,

noop
X -2, [ Wli-1)d(X N, (10)
i=1J 0
is a local Q-martingale whenever X is a local P-martingale. The Q-intensity claim of Theorem 3.1 follows directly
from this fact by taking X = N'. Furthermore, it is easy to see that only the local martingales that have jumps in
common with at least one of the {N'} are adjusted under the change of measure.

To our knowledge, Theorem 3.1 is new. Taking Z; = E(Z« | %) as in (9), the Doob martingale Z (rather, its
cadlag version) is a special case of the Doléan—Dade stochastic exponential that has long been known to be a local
P-martingale (Brémaud [8]). However, a true martingale is required for the existence of Q. Conditions for this in
the literature,”" one way or another, place integrability assumptions on Z. In contrast, we prove Theorem 3.1 by
showing that {Zg, };¢y is uniformly integrable for suitable localization times {6 }cy. The conclusion then follows
by Vitali’s convergence theorem (Bogachev [7, theorem 4.5.4]). Integrability conditions are avoided as Theorem
3.1 essentially requires that if 7; < co P-almost surely, then also 7; < co Q-almost surely.

Recent, relevant work on construction of measure changes from local martingales may be found in Blanchet
and Ruf [5]. Their approach recommends showing that the measures induced by the {Zg, };cy are tight. Unfortu-
nately, it does not yield the desired conclusions for a large enough class of Q-intensities. In particular, Blanchet
and Ruf [5, theorem 4] supplies the conclusions of Theorem 3.1 in the case when u is bounded and deterministic.
The approach does not seem to generalize and we pursue the more direct method through exhibiting uniform in-
tegrability. The extra effort turns out to be necessary as the change of measure we will require has a stochastic
and unbounded u.

Theorem 3.1 alone is not sufficient to establish the identity in (8). The measure Q must also be equivalent to P.
There is a simple sufficient condition.
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Lemma 3.2. Suppose the conditions of Theorem 3.1 hold. Then, if for every i, we have either (i) Hi, = co and ul =0 only
when hi =0 or (ii) H., < co and (H' — Q") is P-almost surely finite, the measures P and Q are equivalent.

Proof. Because hii > 0 P-almost surely (Brémaud [8, theorem II1.T12]), it suffices to observe that Z,, > 0 under the
stated conditions. O

For computational purposes, a change of measure that is only absolutely continuous is still useful. Such a mea-
sure was introduced in Collin-Dufresne et al. [15]. Under this probability, no events occur up to some finite time.

Corollary 3.3. Let 7; C [0,00) and ul = 1 5.,y for s > 0 such that T ; has finite Lebesgue measure and every u' is predict-
able. Let Py denote the corresponding Q of Theorem 3.1. Then, Py-almost surely, event i will not occur in J ;.

The measure Py will be used in Section 5 for estimator analysis and in Section 6 for certain event time probabil-
ity calculations.

Remark 3.4. In contrast to Collin-Dufresne et al. [15, theorem 1 and equation 2.3], by Theorem 3.1, no integrabili-
ty conditions are required for the existence of Py and the sets {7 ;} are further allowed to be random (Py-almost
surely finite).

Remark 3.5. When /' is positive on some ¥ C 7; and ¥ has positive Lebesgue measure, the measures P and Py
are not equivalent because Py(7; € ¥) = 0 but P(1; € ¥) > 0. In this case, F must be augmented by all subsets of ev-
ery {7; € 7;} when a complete filtration is required (see Collin-Dufresne et al. [15]).

In applications, changes of measure are often applied over a sequence of random times. To address this, let
{T¢} 450 be a sequence of stopping times with respect to some subfiltration {SG;},, of F. For example, T; could de-
note the ¢ th arrival of the event counting process >, N'. Then, Zr, = E(Zs, | §1,) induces an absolutely continu-
ous measure change from P to Q restricted to Gr,. By the conditional change of measure formula, for F-measur-
able X and { <k,

Zr,Eo(X| Sr,) = B(XZ1, | 51,) (11)

(Q-almost surely) whenever X > 0 or XZ, is P-integrable. If Zr,_ > 0 then, given Gr,, we may simulate a Y under
an equivalent probability Q by setting X = Y/Zr,. The Radon-Nikodym derivative is Zr,/Zr, and, effectively, we
set ué =1 for every i and s > T} in (7) so that P and Q coincide after Tj.

4. Bias-Reducing Algorithm

We design an algorithm that avoids the event time location bias of the time-scaling scheme (Section 2.3). The
idea is to sample N under a more convenient measure Q, and then use (6) as an estimator of (2). For practical rea-
sons, we assume throughout that / is a cadlag process and thus h_ and p_ form the predictable versions of h and
p, respectively. We assume every /' is strictly positive. One possible relaxation of this condition is described in
footnote 22.

4.1. Design of the Algorithm
Let S; denote the ¢ th arrival time of the event counting process C = Z;N " (with Sp = 0). We design a simula-
tion measure Q under which the paths of C are step functions. This ensures that the arrivals times {S/},_, are sim-
ple to simulate and is key to obtaining a bias reduction.

We first define the step function values,

Ae=2ps, €=0,1,...,n (12)
i=1

To construct the measure, we apply Theorem 3.1 with every u’ = i1 in (5) for
Ac
n i’
2P
Observe that i _ is a locally bounded, predictable version of i as required, but u’ = @i is not H;-adapted as written
because N' (and thus p') is not H;-adapted. However, this shortcoming is easily addressed in the same way as in
the construction of N of Section 2.1 (see footnote 8). Also, conditions of Lemma 3.2 are satisfied under our as-

sumption of positivity of the {h'}; thus, (8) holds. This assumption prevents the division by zero in (13) and can
easily be relaxed.”

U=

(13)



Downloaded from informs.org by [2001:638:807:212:a8af:506¢:25al:b254] on 09 November 2026, at 05:59 . For personal use only, al rights reserved.

Giesecke and Shkolnik: Reducing Bias in Event Time Simulations via Measure Changes
Mathematics of Operations Research, 2022, vol. 47, no. 2, pp. 969-988, © 2022 INFORMS 975

Although each component Q-intensity ¢’ is a complicated process, the sum over the components, by construc-
tion, has the promised simpler form:

Z qi = Z uihi(l — Ni) = ﬁz hi(l - Ni) =Ac. (14)
i=1 i=1 i=1

Paths of the process Ac in (14) are step function approximations to paths of > p' on the (stochastic) grid
0=S5p < Sy << Sy. Thus, the Q-intensity of the counting process C is a pure jump process and simulating its
paths is elementary. Indeed, (14) stays constant on [S¢-1,S¢) with value A,_;. Given Fs, ,, the Q-law of S — S,_1 is
exponential with parameter A,_;. Figure 1 illustrates a path of (14) with the process >’ p' superimposed.
Substituting all u’ = ii_ into (7), the Radon—Nikodym derivative L., simplifies to

exp (; Ae-1(Sp—Sp_1) — /Ooopgds —log (Zﬁ“l)) (15)

To sample N under Q, it is sufficient to sample A,_; followed by an exponential 17, with that rate to form S,. At
time S, the component Iy € {1,2,...,n} of N that experiences an event has the Fs,_-conditional law g5 /> 45 -
(generalization of Brémaud [8, theorem I1.T15]). This simplifies to

i
Ps,-
neg
Zi:lpsz—

Finally, (15) is evaluated and a sample of f(N)L is returned. We refer to this scheme as the plain jump approxi-
mation method (JAM).

QU =i|Fs,_) = i=1,...,n (16)

Figure 1. (Color online) Illustration of a path of the Q-intensity of the event-counting process C for the model in Section 6. The
dotted path illustrates a realization of the process > p' under Q. The step function (solid) illustrates the corresponding realiza-
tion of the Q-intensity Ac = > ¢ of C in (14). The times of increment of C coincide with the jump times of A¢ as each such jump
time also marks the occurrence of a jump in > p'. The (time) length of the £ th step 1, = S¢ — S¢—1 of A¢, conditionally on Fs,_,, is
an exponentially distributed random variable of rate A,_;.

i
e

3.0

Intensity
2.5

1.5

0.0 0.2 0.4 0.6 0.8 1.0
Time
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Algorithm 2 (Plain JAM; Generates a Sample Y of Y =f(N)Lo with Lo, Given by (15) Under Q)
Initialize y ={1,...,n}and £ = 0.
1. Generate samples of the jump sizes {Ah§, }ic,-
2. Draw an exponential random variable 17, ; with rate

/A\g = Zfl;[_ + Afl;[.

3. Increment £ « £ +1 and set S, = 5,1 + 1, =
4. Sample (>, Hs,, hs,-) and set
Y
Re,r)= > (H;[ ~ H,_, fis,_) (17)
i€x

5.1f £ = n (or some other stopping condition ) then return
Y :f(N)exp (Z )A\k_l n, — Ry —log (;\k_l/rk)). (18)
k=1

6. Draw index I, from the (conditional) distribution

A
{hs,_/Te}iex-
7. Set Ni[ = 1lys,<s) fors >0 and x « x\{I¢}. Goto Step 1.

Notes. When terminating at some stopping time T, the L., in (15) may be replaced by E(L. | F1), which is
equivalent to setting i, in (13) to one forall s > T.
Notes. X refers to a sample of a random variable X.

4.2. Implementation of the Plain JAM
Algorithm 2 summarizes the steps. The initial rate of the Q-intensity A of C is of course Ag = > k. In Step 1
and Step 2, with £ =0, we adopt the usual convention i, =0 so that Al = I, Otherwise, the jump sizes are
drawn according to a given intensity specification. Step 2 and Step 3 generate the interarrival times {1,} and ar-
rival times {S;} of the event counting process C. In Step 5, if the algorithm terminates, N is a Q-sample of N. The
Radon-Nikodym derivative (15) may be computed at the end (which is more efficient when f/ (N) = 0 often) per
(18) or during the simulation to reduce storage. The distribution in Step 6 matches that of (16). Step 7 records the
component of N (drawn in Step 6) for which an event has occurred.

Although Step 4 is relatively straightforward to implement, there is a significant degree of subtlety involved.

In this step, we sample from the (Q, ¥, ,)-conditional joint density of (3. H',h_) at the random time S, where

iex
i€ x if and only if Ni =0. This sampling procedure is typically very challenging under P because S; and
(Xiey H',h_) are dependent (conditionally on Fs, ,). Indeed, H' and K’ are the P-compensator and P-intensity of
N’ for i € x prior to arrival time S;. Under Q, this (conditional) dependence vanishes.

The sampling of (3., Hs,, hs,-) under Q may be performed in several ways. The most straightforward approach
involves the sampling of the skeleton of h on the discretized interval [S;_1, S¢) and assembling R, in (17) by numeri-

cal integration. For instance, constructing a time grid S,—-1 =59 <s1 < -+ <55 = S, we obtain the samples {fz; }7:1 for

each i € y by some discretization or exact method. Then, ﬁ;d is a sample of /5, _, and by the trapezoid rule,

d (5. —s; . .
Re=2; Z(szil)(ﬁ; +h ). (19)

iex j=1

This is analogous to the numerical integration of the compensator in the time-scaling scheme (Algorithm 1), but
with the notable exception that the termination point s, is given and does not have to be simultaneously estimat-
ed. To highlight the similarities further, we note that Algorithm 1 may be implemented using the P-compensator
of C together with distribution (16) (cf. footnote 8).

4.3. Bounding the Bias
The plain JAM involves two potential sources of bias. The first pertains to the samples of f(IN). When the skeleton
of h is not sampled exactly (under Q), the samples of f(N) will be biased. A second source of bias pertains to the
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Radon-Nikodym derivative in (15). This requires the numerical integration of the Q-sample paths of h. Even if
the skeleton of h is sampled exactly, its numerical integration introduces bias into the JAM estimator.

The sources of bias for the plain JAM algorithm mirror the first two sources of bias for the time-scaling scheme
discussed in Section 2.3. However, the plain JAM algorithm does not suffer from the dominating event time loca-
tion bias of time scaling. This is because after the change of measure, the inversion of the compensator of the
event count C is exact. Moreover, higher-order discretization, unbiased methods (Chen et al. [12]), or exact meth-
ods (Blanchet and Zhang [6]) can further mitigate the bias of the JAM estimator.

Without assuming a specific intensity model, it seems difficult to quantify the bias of the plain JAM estimator.
However, we can get some insight into the bias due to numerical integration. Suppose that the samples of the
skeleton of p are exact. Then the Q-samples of f(N) are exact. The integration bias given by

o =35 [ras-a)
i=1\J 0
where 9(p') is the quadrature approximation that numerically integrates the skeleton of a path p’ over [0, ;). We

have the following result.

Proposition 4.1. Suppose the skeleton of the process h is sampled exactly under Q. Fix p € [1,00), and for X =| & | /E(]

& |) define A(6) =1logE(e%%) for 0 € R. Then, if E(| & |) < 6/4, for x = A(6p)/(dp), the bias of Algorithm 2 satisfies

e —1
ox

|bias | < || f IIH( +4/5)E(| SIP)P

where || f ||, = E(lf(N)l“)l/“ must have 1/p +1/u = 1.

The proof is in Appendix B. The error E(| £|°) of the intensity integral may be improved through higher-order
methods. In contrast, the time-scaling scheme with a discretization spacing A, retains the O(A;) bias (see
Section 2.3).

5. Exact Algorithm
We show that under some conditions, the bias of the JAM estimator can be completely eliminated. We keep the
technical assumptions on h of Section 4.

5.1. Exact Sampling with a Bridge Transform
We develop an exact algorithm that avoids sampling the integral H. Instead, assume a Markovian setting in
which exact samples of a skeleton of h may be obtained and the bridge transform

0 52) = B (oS FE = HO 1y gy o) (20)

may be evaluated for every y € {1,...,n} and admissible (¢, x) and (s, z). Here, probability Py of Corollary 3.3
with all F; = [s,t] facilitates the computation by ensuring no jumps in the {N'} on [s,t]. Such transforms of the
bridge of h are available for a wide class of models including Lévy processes, Bessel diffusions (Pitman and Yor
[43]), and affine processes (Kang and Kang [33]).

The algorithm is, essentially, a conditional Monte Carlo scheme. Constructing Q from u’ = i in (13), we consid-
er the Q-estimator

Y5 = f(N)Eq(Lw | 9) (21)

for a o-algebra G such that f(N) is G-measurable. Then, we have the relation y = Eq(Y¥) as required by (2) and the
Radon-Nikodym derivative

may be viewed as a filtered likelihood given the observations in §. We construct § as follows.2s Take {1, };_; (see
Algorithm 2) such that each 7, has the Fs, ,-conditional distribution of an exponential random variable of rate
/\[_1 in (12)

Let T, = Zizlnk and define

9 = 0({T{, hT[_,Ig, hTf}?:O)' (22)

The variables in § are sufficient in order to assemble f(N) as in Algorithm 2. Given T, a sample of hr, and the {I}
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yield a sample of A, in (12). The next event occurs in time 1, ;, exponentially distributed with rate A,. The condi-
tional distribution (16) identifies which event has occurred, as in Algorithm 2.

Note that Tr =S, and n, = 5 — 5,1 under Q but not under P by construction. Here, one can take either the
nominal (Q,F)-intensity q = iip or consider a change of filtration to events restricted to §. The two approaches
are equivalent from the simulation perspective as highlighted by the fact that each A, is §-measurable. The
Radon-Nikodym derivative L., however, is not G-measurable in general, and L must be computed for the
scheme to apply.

For1<¢<n,welet

n I’llk
e R T i @)

which is G-measurable so that LY, (see (15)) may be written in the form

n oo i n
s d: _
LS = Eq(e Zi=t/o Pt | S)E Glé;{l. (24)
In general, we do not have an explicit formula for the conditional expectation in (24). However, in a Markovian

setting a formula for LI, can be derived. The corresponding scheme, which we refer to as the exact JAM, is pro-
vided in Algorithm 3.

Theorem 5.1. For every 0 < £ <n and s >0, suppose h satisfies the strong Markov property at S; over I =[Sy, S¢ +5)
under Py of Corollary 3.3 with every I ;=9 . Assume the transform ¢ in (20) may be evaluated for every subset x C
{1,...,n} and admissible (t, x) and (s, z). Then, LY, in (24) is given by

LSRRI
Lg" = l_[ Gf;[ 1¢§Skf}7k1_,§\071)(sf’ hs"_)' (25)
=1

Moreover, whenever the Q-skeleton of h may be sampled exactly, Algorithm 3 generates exact samples of the Q-estimator
Y9 in (21).

The proof of Theorem 5.1 is deferred to Appendix C. Equation (25) is derived from (24) by iteratively condi-
tioning over intervals of the form [S¢, S¢+1). The Markov property is required for the conditional independence of
past and future events in § given the present. Note that the Q-skeleton of h is significantly easier to sample than
its P analog. We require exact samples of h at the successive times {S;} between which no jumps in the {N'} oc-
cur. However, under Q, S, = T, and so {hs,_,+} is F's, ,-conditionally independent of S,.

Remark 5.2. Recall that {I;};_, in (25) is the F§, ,-measurable collection of components of N at which no event
has occurred by time S,_;. The strong Markov property is checked under Py over a time intervals on which no
jumps in the components of N occur. Here, h may be taken as regular Markov (Dynkin [22]), a class that includes
both homogeneous and inhomogeneous Markov processes. The strong Markov property for this setting may be
found in Dynkin [22] and Kuznetsov [35]. The extension to the (time-)inhomogeneous case is treated by consider-

ing the homogeneous (space-time) process I for which fz; = (s, h;).

Algorithm 3 (Exact JAM; Generates a Sample Y of Y9 = f(N)LS with LS, Given by (25) Under Q)
Initialize y = {1,...,n} and £ =0.
1. Generate samples of the jump sizes {Ak§, }e, .-
2. Draw an exponential random variable 1, ; with rate

Ae=X] i, + Al . (26)
i€x

3. Increment £ < £ + 1 and set gAgi: Seq+ e
4.Sample hs,— and setr, = 3, h, .
5.1f £ = n (or some other stopping condition %) then return

. e S A
v - f(N)]_I(;\—k)e gl (G, 27)
k=0\ "k ok
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6. Draw index I, from the (conditional) distribution

A
{hsl’_/r[}iqf
7. Set Ni[ = ls,<s) fors > 0and x « x\I}. Go to Step 1.

Notes. Terminating at some stopping time T implies we take the restriction of G to [0, T]. Then S,, is replaced by
T and corresponding adjustments to (27) are made (i.e., each u = 1 for s > T).
Notes. X refers to a sample of a random variable X.

5.2. Exact Sampling Without a Bridge Transform
An alternative algorithm exists when the bridge transform (20) is not available by drawing samples from the law

Lisn) = Po(De, (Hf = HI), i) €| F5), (28)

where 0 <s <t and measure Py of Corollary 3.3 with every J; = [s,t]. Given such samples, we follow the plain
JAM Algorithm 2 but avoid the discretization of the interval [S;_1,S¢) in the implementation of Step 4. When the
samples obtained in this step are exact, then clearly so is the simulation estimator.

No events occur under Py during [s, t], simplifying the computations by bypassing the event times {7;};c, in the
evaluation of (28). In the context of Step 4 of Algorithm 2, the events in xc have already occurred. The joint law (28)
is computable (semi)analytically for many models of interest (e.g., Cheng and Scaillet [14], Duffie et al. [21]).

To prove correctness of the scheme, observe that for Borel Z C R, X R},

PLrs(B) = Ep((Zt/Zs)]l{(Z | 9?5)

(H} — H.) )es,ci-c.=0}

iex
= Bo(L (5,0 (H: ~ Hmhencioc.o} | %)

by identity (11). Some attractive properties of measure Q facilitate the rest of the analysis. By construction of Al-
gorithm 2, we have S, = 5,_1 +1),, and because (ZieX(H t— HISH ),h) and n, are Fs, -conditionally Q-independent,

L B) = Q( ey (HS, — HE, ) s, € B Fs, v o(n,)),
Se1=5,
S(_1+7]€=t=Sg

Q-almost surely for all Borel #. This justifies the use of Py in (28) for obtaining exact samples of (R, /) at the in-
terarrival times {S¢};_, in Step 4 of Algorithm 2 (a procedure far more complicated under measure P). The law
15, may be sampled by acceptance/rejection or by using the method of inversion.

6. Numerical Study

Credit risk management often requires the computation of the distribution of defaults in a portfolio of positions
such as loans, corporate bonds, and other securities exposed to default risk. In this setting, the stopping times
{t:} are the default times of the individual positions in the portfolio. We test our algorithms in this application
context and compare them to the time-scaling scheme.

6.1. Model Specification and Methods
A popular and computationally challenging intensity specification used in credit risk is a factor model with con-
tagion. For risk factors {X*};_; and nonnegative parameters {w;},_;, we take

p'=H(1-N), (29)
h=wX"+X. (30)
Each risk factor X* is taken to be a solution to the SDE
dX¥ = 1 (x — X5)ds + op XEdBE + > 0,,dNE, X5 > 0. (31)
ik

Here, (B°,B',...,B") is a standard Brownian motion. Parameter x; > 0 represents factor k’s long-run mean, xj >0
is factor k’s mean-reversion rate, and oy > 0 is factor k’s diffusive volatility. Last, the parameter 6y; > 0 describes
risk factor ks sensitivity to default in position i of the portfolio. We further let 6p; =0 for all 1 <i <, which is a
standard modeling assumption.
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Model (29)—(31) and its special cases are analyzed by Giesecke et al. [27] and many others. It addresses several
of the sources of default clustering identified in empirical research (Das et al. [18] and Azizpour et al. [2]). Factor
X represents a source of systematic risk to which all the assets are exposed. All individual intensities are corre-
lated through this common factor, and the parameters {w;} govern the magnitude of that correlation. The jump
term 6y, dN’ generates feedback; a default in position i increases the intensity of position k by a sensitivity ;. This
feedback models the contagion effects that are widely observed in credit markets.

Model (29)-(31) is difficult to analyze and simulate using existing methods. When the {6} are positive, it is
not known how to efficiently compute the joint distribution of the {7;} analytically (see Section 2.2). Because the
intensities are not bounded, an exact simulation scheme based on thinning (Lewis and Shedler [38], Ogata [42])
cannot be applied. The exact Markov chain projection and simulation algorithm of Giesecke et al. [28] applies.
However, the presence of the factor X” renders the computation of the intensity projection intractable. The exact
and asymptotically exact schemes of Giesecke et al. [27] may be applied. However, the implementation is not
trivial, for example, the exact scheme requires sampling from a complicated hitting-time distribution by the in-
verse method. These complications stem from the fact that the interarrival intensity must be sampled at the time
of an upcoming default (these two random variables are dependent). Similar considerations also apply to the ex-
act scheme of Giesecke and Kim [23], which may be extended to the model (29)—(31).

Time scaling (Algorithm 1) applies to the model because each risk factor X, may be simulated. In between any
two successive default times, each X, is a CIR (Cox-Ingersoll-Ross) process Cox et al. [16] which has a well-
known transition law in terms of a noncentral chi-square distribution (Glasserman [30, section 3.4]). At the de-
fault times, the intensities are updated with the corresponding jump sizes {0x;}. Thus, exact samples of the skele-
ton of the intensity may be obtained, and the bias is due only to the approximation of the default times and the
numerical integration that are required by the scheme (Section 2.3).

The plain JAM is implementable for model (29)—(31) because time scaling is feasible. The method (Algorithm 2)
has virtually the same running time as a comparable implementation of time scaling.”* Indeed, the computations
required by these schemes are nearly identical. CIR risk factors may be sampled exactly in between the default
times as for time scaling. The Q-samples of the {7;} are exact, whereas the final simulation estimator is biased only
by the numerical integration present in the Radon-Nikodym derivative. Thus, we expect a reduction in the bias of
the plain JAM estimator relative to that of time scaling.

The exact JAM (Algorithm 3) also applies because the bridge transform (20) is analytically tractable for a CIR
risk factor. Note that no sampling from this transform is needed; only its evaluation is required. This leads to sig-
nificant efficiency gains in contrast to the use of this transform by the other sampling methods in the aforemen-
tioned papers. For similar reasons, this method is also a better alternative to the exact sampling scheme supplied
in Section 5.2.%°

6.2. Computing the Probability of No Defaults
Few closed-form formulae (for even moderate 1) are known for model (29)-(31). An exception is the probability
that no defaults occur by some time T > 0, that is, f(z) = 1 { S = 0} in (2),

i=1
y=P(Cr=0) (32)
The computation is facilitated by using probability Py of Corollary 3.3 (with J;=[0,T]), which yields
P(Nie {N% = 0}) = Ep, (e_ZiEA’HT). Then,

y= lPO(Z?:lwi)l:_l[ V1), (33)

T
’
where P, is the Laplace transform v, (v) = Ep, (e_v/o ’ S). Evaluation of the transform is straightforward. Because
a Brownian motion is a P-local martingale without jumps, it is also a Q-local martingale (see (10)). Thus, the
Po-dynamics of a risk factor X* on [0, T] are those of (31) but with every &y = 0. The risk factors {X*} are mutual-
ly Po-independent on %7, and thus, the product form in (33) is justified. To perform computations under P, de-

. ok
fine X as

d%" = 1o - XE)ds + oy XE awt, %E>0 (34)
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on [0, T], where W¥ is a standard P-Brownian motion. The P-law of X" coincides with the Po-law of Xk on Fr. The
transform I/Jk may now be computed using a well-known closed formula in Cox et al. [16] for the transform

3 (0) = Bl ot (35)

We denote by 7, . the value of y computed using (33) and (35).

6.3. Model Parameters and Implementation Details
The parameters of the model (29)—(31) are selected as follows. We consider a portfolio of size n =100 with time
horizon T = 1. Let U(a, b) be the uniform distribution on [a,b]. For each position k=1,...,1n, we draw «, from
U(0.5,1.5) and x, from U(0.005,0.025), and set o, to min{v2x«y, G}, where each 6y is drawn from U(0.1,0.2).
The restriction on o, ensures the Feller condition is satisfied which guarantees X" is strictly positive almost sure-
ly. We initialize each X* at x, times a sample from U(0.5,1.25). Jump sensitivities are constructed by drawing
each 6 from U(0,0.1), and each factor sensitivity, w,, is drawn from U(0,0.02). For the systematic factor X, we
take xo =0.0119582202766817646, ko = 1, 5o = 0.2 and initialize X° as x, times a sample from U(0.5,1.25). Our
choice of x, ensures ¥, =0.16 to machine precision. These parameters model a high credit quality portfolio
but, in practlce, they would be calibrated to data.

The number of MC trials is denoted by m and the estimate of y by 7, (see Section 2.2). The central limit theo-
rem is used to construct all confidence intervals; that is, for z € (0,1) and m large, y € [/,, — C, ¥, + (], Where

L Z)oy/«/‘ (36)

A
with 100z% confidence. Here, N denotes the standard normal distribution function, and 6%/ denotes the sample
variance of the estimator Y.

A uniform grid spacing A is used to discretize the intensity for time scaling and the plain JAM (the exact JAM
does not discretize). Both tirfle scaling and the plain JAM utilize the trapezoid rule (see (19)) to compute integrals
of the intensity process. Time scaling employs a linear interpolation of h for the default times (see Section 2.3).
The interevent CIR risk factors (34) are sampled exactly on the time grid (Glasserman [30, section 3.4]). The
closed form for the bridge transform in (20), used for the exact JAM, is found in Broadie and Kaya [9].

Table 1. Comparison of the performance of the (plain/exact) JAM and time scaling for estimating y

in (32).
| 9exact - 9»1 |
99%-conf. # trials (m)
Ag Time scaling Plain JAM Exact JAM
2% 0.009597 0.000041 40,448,520
0.000152 0.000151
2% 0.004670 0.000038 20,825,646
0.00010 0.000210
2% 0.002418 0.000102 10,625,031
0.000292 0.000294
2% 0.001169 0.000025 5,361,749
0.000410 0.000413
2% 0.000617 0.000392 2,702,421
0.000576 0.000583
2+0 0.000847 0.000013 1,359,483
0.000813 0.000821
Not applicable 0.000026 108

0.000093

Notes. The analytically computed value is §,, .., = 0.16. The computational budget time for all methods was 4,096
seconds. The column A, reports the (uniform) grid spacing utilized. The second, third, and fourth columns report
the estimate error |7, —¥,, | (the estimate of |bias |) for each discretization spacing A,. The numbers in bold
provide the margin of error (,, computed from (36). If the margin is smaller than |§.,—7,, |, then . is not
inside the computed 99% confidence interval (99%-conf.). As the number of trials for both schemes are nearly
identical, the fifth column reports them for the time-scaling scheme only.
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Figure 2. (Color online) A log-log plot of the RMSE versus the computational budget (time) allowed for the simulation. From
left to right, the triangle markers correspond to discretization size A, in Table 2. The number of trials m in the computation of the
RMSE at each point may be recovered via the relation A, = 2/+/m. However, the estimates of the bias and variance oé are com-
puted with 10” trials as in Table 2.
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6.4. Numerical Results

Table 1 compares the performance of time scaling, the plain JAM, and the exact JAM. It reports the absolute dif-
ferences between the computed estimates and 7, with 99% confidence intervals. Time-scaling confidence in-
tervals miss the analytically computed value 7, for all six discretization sizes A,. Plain JAM estimates always
include ., within the confidence interval. The exact JAM estimate deviates from i/, , only in the fifth signifi-
cant digit.

The performance of the estimator is well summarized by the root-mean-squared error (RMSE), the square root
of (3). The statistic balances the variance of the estimator and its bias. To reduce the bias one could, at the expense
of computational effort, refine the discretization A,. Figure 2 illustrates the RMSE estimates for time scaling and
the plain JAM when A, =2/+/m. The run times for the two methods are virtually identical, and averages are

Table 2. Time-scaling and plain JAM estimates of the simulation bias and variance G%in 3).

(bias | 62) Time/10*
Aq Time scaling Plain JAM Trials (sec)
2% —0.009605 0.140894 —0.000029 0.137683 1.285
217 —0.004665 0.137546 —0.000028 0.137688 2.496
21—7 —0.002411 0.136134 —0.000019 0.1376832 4.892
21—8 —0.001190 0.1350705 —0.000011 0.1376565 9.695
2% —0.000598 0.135045 —0.000007 0.1376544 19.23
ﬁ —0.000301 0.135035 —0.000015 0.137632 38.24

Notes. All estimates are computed with m =10 trials. Here, bias = Voot = Ir and @3 (bold) denotes the sample variance. The analytically
computed probability is f/,,, = 0.16 to machine precision. For time scaling, o may be computed exactly via .., (1 = o act)-
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reported in Table 2. Estimates of the bias and variance for 109 trials are reported for each discretization. Figure 2
demonstrates that the plain JAM systematically reduces the bias component of the RMSE relative to that of time
scaling.

Although the run times of time scaling and the plain JAM are similar as expected (see further discussion in
Section 6.1), the exact JAM is orders of magnitude faster. Table 1 reports that the number of trials completed by
the exact JAM (within the given time budget) is larger by a factor of 70 than that of time scaling with the uniform
spacing Ag ~ 0.001. This gain in performance is proportional to Ag_l because the bridge transform evaluation does
not depend on A,.
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Appendix A. Proof of Theorem 3.1
For a stopping time 0, denote by X% an X stopped at 0, that is, Xf = Xs 0.

We let Z(¢£) denote the Z in (9) but with u’ =1 for all i >£. We proceed by induction on ¢ <n. The case ¢ =0 is trivial
(i.e., Zo(0) = 1). Suppose Z({) defines a probability measure Q, = Z.({)P and N’ admits the Q-intensity ¢' = u'p’ for i< ¢
and pf for i > £. We augment the F by the null sets of Q, (see Remark 3.5). We then construct Q,,; by taking any u‘*!
isfying our hypotheses. To ease the notation, we drop the sub- and superscript (€ +1) from the T¢41, &ppq, u®?, K1, HL,
Q1 p™1, N1, M1 and Hy,, of Section 2.1 (i.e., consider a single stopping time 7 on (Q, F,Q,)).

For 0 <t < oo, let Z be the cadlag, F-adapted process2s defined by

sat-

t
Z; =exp (/ (1 —us)psds + Ny log (1) |.
0

If Eq,(Zw) = 1, we may define Q,; = ZoQy. And furthermore, if N’ admits a Q,,-intensity g = up, the claim ex-
tends by induction to all n stopping times.
We first show that Eq,(Z.) = 1. For k € N define the H-stopping time

Or=inf{t>0: (H+Q), 2 k}. (A1)

It is not difficult to show that {6}y is a sequence of localization times27 for the local (Q,, F)-martingale Z.
Indeed, by integration by parts, we have

t
Zi=1+ / Zo (1 — 1)dMs, (A2)
0

and consequently Z is a local (Q,F)-martingale (Protter [45, theorem IV.29]). It is easy to verify (because
M=N-Ais a (Q,,F)-martingale) that
Ok
/ Zs_(1+us)ps ds|.
0

Note that psZ;- < hee1*+Q)s because ps = hslsry and N._ = 0. By the definition of Gk, we have that (H + Q), <k for
all s < 0y < 0, and therefore

E(sup Z)<1+E
>0

E

Ok
/ Zs (1 + us)ps ds) < ke*.
0

Therefore, Z% is a unit-mean uniformly integrable (Q,, F)-martingale (Protter [45, theorem 1.51]), and we may de-
fine the measure Qf,, = Z%Q,. To prove the existence of the limiting probability Q,; = Q,, it suffices show
that {Zg, }ren (note, Z% = Zg,) is uniformly integrable. Because Eq,(Zg, 1) = ng +1(s4) <1 and finite families are
uniformly integrable, it suffices to prove

limsup EQ[(ng]l{ng>z}) —0 (zT o). (A.3)
kToo

To this end we write, using the fact that Zg, = Z., on {6 > 1},

Eq,(Zo 1z, >2)) < EQ.(Zo, Li6<1,29 >2}) (A4)
+ EQ[ (Zvon{Zw>z})~ (A5)
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Because Z% is a unit-mean martingale and Z > 0, Fatou’s lemma yields
Eq,(Z«) <liminf Eq, (z%) < lim inf lim inf Eq,(Zz%)=1.
Hence, Z, is Q,-integrable and the corresponding term in (A.5) now vanishes as z T 0. To deal with the term on

the right of (A .4), we invoke our induction hypothesis and that Qk is He-measurable, so that by construction of ©
in (1),
Qe(7 > B | Hoo) = Qel& > Hy, | Heo)

=¢ Ho,

The last step follows by the independence of o(¢) and Ho (Section 2.1). Then, because Hg,, Qp,, and Gk are
‘He-measurable, the right side of (A.4) reduces to

Eq,(Zo, Lo,z 52)) = Eq, (e Q0 Qy(7 > 64 | Heo)Li(t1-q)y, >log2})
=E(Zo(O)e™ Li(H-Q)y, >logz})-
The case Q,, = o is addressed by the much simpler bound
EQ,(Zo,1(0,<c.20,52) < E(Zeo(£) %)

because the right side vanishes by an application of Fatou’s lemma with k T co along with the facts that Q > 0 and
Ok T co P-almost surely.
The case Ho, < o0 implies that (H—Q),, < co P-almost surely, and so

EQ[ (Zﬂk IL{9k<"r,ng >z}) < E(Zoo (5)IL {(H-Q)q, >10gz})-

which vanishes upon taking z T co (Fatou’s lemma). Thus, (A.3) holds.

We have now shown that the family {Zg, },cy is uniformly integrable with limyeZg, = Zoo Q-almost surely, and there-
fore, by Vitali’s convergence theorem (Bogachev [7, theorem 4.5.4]), we have Eq,(Z«) =1 as required.

To prove N admits (Qg,,F)-intensity q = up, note that Z; = Eq,(Z« | ;). Applying Protter [45, theorem IV.12], because
[M,M] =N, we have

t
M, Z), = / (1t, = 1)Ze_dN,,
0

and hence, by Protter [45, theorem IV.29], (MZ), = / tzs(us —1)ps ds. By the predictable version of the
0

Girsanov-Meyer theorem (Protter [45, theorem II1.41]), the process N —Q" is a (Q,;,F)-martingale (see (10))
because

t t

M, - / (1/Z.)d(M.Z), = M; - / (s — 1)ps ds
0 0
= N[ - Q;/

and N <1 (see footnote 9). The claim holds by definition of intensity. 0
Appendix B. Proof of Proposition 4.1
Take Y =f(N)L« as an exact Q-sample of the estimator where L, is a (exact) sample of (15) and & is the associated inte-

gration bias for the paths of the process p. Because the samples of the skeleton of I generated by Algorithm 2 are exact,
the samples of (A, 7,) are exact, and hence, so are those of f(N). Moreover, it is easy to see that the Radon-Nikodym de-

rivative Lo, in (18) generated by Algorithm 2 has the same Q-law as Loe”. Let f(N ) denote the (exact) sample corre-
sponding to Lo and set ¥ = F(N)Le. Tt follows that

|bias | = | Eq(Y) = Eq(Y) | = | EQ(f(N)Lwe” —f(N)Lc) |
= |E(f(N)(e” - 1)) |

< kiEaf(N) | )k
=1

Applying Cauchy-Schwartz to | f(N) || & |k =|f(N) || & |k7p 2y | £1° does not yield a sharp bound.
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To ease the notation, set € =E(| & |). By Holder’s inequality, we have E([f(N)||J’|k) <IIfllE( EIPHYP Let x> 1. By Min-

kowski’s inequality,

E(| 1Y = B((| €L 1coiey + | ST L rppne)))?
= E(| 61 L 1<)+ E( 1P L rzaey)))? , (B.1)

< 2xe) "E( £I)P + B (| £ e OO )P

where in the second term we change the measure to P’ = /XA P with respect to which the expectation E’ above
is taken. Temporarily, assume A(6) < co.
The series for the first term in (B.1) is simple. Because 2¢ < ¢,

Z(er) E(l ((,;lp)l/p<( 5 )E(

P)l/ﬂ (B.2)
a K

/)

We deal with the second term next. Let 6 = 2ze > 0. Then,

Ol p2xey) = B (A7 HAOATIORIBI 1 p )

<e (0x—A(0)) E (6 zlo(Hpklogl("\).

Note that f(a) = —za + pk log (a) has f'(a) = —z + pk/a =0 at a = pk/z, and thus f < —pk + pk log (pk/z). It follows
that2s

oo

iE,( ¢ IHOBIA P g < kbR /) g
k=1 k=1

< % 4= 2pe
z—p 0 —2pe
Setting 0 = 6p and x = A(6p)/(6p), we have that Ox — A(0) =0 and 0 —2pe > 06p/2 because € < 6/4. Consequently,
we deduce that

STE(| £Fe 0% NO o )P < (4/0) < (4/0)E( £1F)VP. (B.3)

k=1

Assembling bounds (B.2) and (B.3) completes the proof. Note that if A(5p) = o, then we have x = o so that the
bound holds trivially because limyo,(e¥ —1)/y = co.

Appendix C. Proof of Theorem 5.1
Consider the recursive definition V,_1 = EQ(Wc W, |Ge) for 1<¢<n with V, = 1, where G, =%Fs,,v G (see (22)) and the
process W™l is given by

_ I o
wf;1=exp(—kZH;[ o~ HE ) w0

It is easy to check that LY = Voﬂ’gzle;;l with G! as in (23). We prove by induction that (under our assump-
tions) the V; is §,-measurable and

V= V,(pgk[}_*;g[_l)(sg,hsf,) Q-almost surely. (C1)

Then, the formula for L7, in (25) follows immediately. As the transform ¢ can be evaluated, and the variables in
G can be sampled exactly by our hypotheses, the samples of LY, in Algorithm 3 (provided by (27)) are exact. Be-
cause f(N) is assembled only from the variables in § the remaining conclusion follows.

The main calculations involve Eq(W% 1| G,) and a change of measure from Q to Py so as to appeal to the strong Mar-
kov property. These steps are facilitated by Theorem 3.1 and Corollary 3.3. Recall that Q is constructed via u’ =1 in (13)
and Q=ZP for Z, =L} as in (7). For any w > 0, we construct Py by taking each u' =i only on [0,S,-1) while letting
u; =15, ,+w) elsewhere. That is, no events occur on [S¢-1, Se—1 +w) under Py. We let Z denote the corresponding
Radon-Nikodym derivative so that Py = Z.P. Observe that

G{leoo = Nf?lZSM +wr (CZ)

where N = [T 1 and Zs, 10 = E(Ze | Fs, ,+0)- By (11) and (C.2) we have, because G5 and N, ' are

Sg—measurable, that w 5‘ =0
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E(G'Z o | S0)Er, (W5 1G0) = E(WS'GL Z oo | Se)
=B(WSING ' Zs, v 1 S0)
=E(Zs,,+w | S0 Eo(W5™ [ S¢)

Q-almost surely whenever 0 <w <7, (i.e.,, N fv_ ' =1 Q(- | §¢)-almost surely because no event may occur before 1 ¢
time has passed). It follows that

Eo(W5 ™| S¢) = Ep, (W5 | G¢)0 < w < 1, Q-almostsurely. (C3)

Because W' <1, we have Eq(W; | G¢) = limyp, Eo(W;, " | G¢). Applying identity (C.3) and dominated conver-
gence for conditional expectations yields EQ(W,‘;;l [G) = EpO(Wf;;l | G¢). For 0 < s < t, define the transform

(Pé,x)(t) = EPo(e_Zjex(H;_H;) | hs = x)- (C4)

Forany xy C{1,...,n} (recall the F, ,-measurable collection of events {I;};_, that have not occurred by time S;_1),
on the set {{Ii};_, = x},

EPo(Wrt;;l | ‘7:5[71 VG(TC')) = EPo(Wfl;l | O‘(S(Ll/hS[,ll T[r {Ik}Z:[))

; (C.5)
= (p?s(cl/hs[_l )(T[)

by the strong Po-Markov property of h at S,_; (Dynkin [22, theorem 3.2]). Note that T, becomes known as soon
as hs,_, is known (i.e., 17, is exponential with rate A,_1), which facilitates the application of the strong Markov
property. We now have the Markov property for the sequence { Wg;l}, which is time reversible (cf. Léonard et al.
[37]), that is,

Ep, (Wi | G¢) = Ep, (Wi | o({Tiize) v 0(Se-1, b, ,, Te, e, -)).

This and (C.5) imply EpO(Wf;[—l | Gp) = ¢(A:‘?f—1fhsf_1)(T€' hr,-), where we use regular conditional (on hr,—) probability

to evaluate the bridge transform ¢*.
Finally, using (C.3),

Eo(W, " | S¢) = ¢

Se-1.hs,,

)(T[, hr,-) Q-almost surely

on {{Ii};_, = x} and T; = S; under Q by construction as required.
To conclude, we have that V,_; = VfEQ(Wf;:l | G¢) = V@fﬁf}j\m)(sg,h&_) is G,-measurable. The base case (£ =) holds as
V. = 1is trivially §,-measurable. Hence, (C.1) holds for all £ <n, which completes the proof. 0

Endnotes

1 Other applications of measure changes include reducing the mixing time in Markov chain Monte Carlo and performing a sensitivity analy-
sis on discrete event systems.

2 Usually, the intensity is sampled at a set of grid points (by an exact or discretization method) and then these values are integrated to obtain
samples of the compensator skeleton, that is, the finite-dimensional representation of the compensator sample path.

3 See, for example, Beskos and Roberts [3], Chen and Huang [13] and Giesecke and Smelov [24].

4 See Pitman and Yor [43], Broadie and Kaya [9], and Kang and Kang [33].

® More precisely, the Laplace transform of the compensator with respect to the law of the bridge of the interarrival intensity process.
8 See, for example, Norros [41], Shaked and Shanthikumar [46], and Bielecki and Rutkowski [4].

7 We adopt the standard convention inf@ = co.

8 This is facilitated by the progressive enlargement of H by the times {7j}j2i to obtain H;. The construction guarantees the {7;} are totally inac-
cessible stopping times with respect to F. A more explicit approach would progressively enlarge Hy by the order statistics {7(,} of the {7/} up
to, but not including, 7, to yield H;. The £ th order statistic 7y is the first hitting time of Zi:lék by the compensator Z?:lem of 3 N'. The
information regarding the identity of the events is embedded via a “marked process” (Brémaud [8, theorem ILT15]).

9 To see this, observe that E(sup,, | M! |) < 1+E(A}) and let {6¢};2, be a sequence of localization times for M;. Then, E(M! g,) =0, and by
monotone convergence, E(A}) < 1.

19 Note that 7; < o if and only if H!, = co. In general, if the {6;} are i.i.d. standard exponentials, each 0, independent of H.,, then the {A%, +
01 ;,—} } are i.i.d. standard exponentials.

" See, for example, Lando [36], Duffie and Garleanu [19], Jarrow and Yu [32], Collin-Dufresne et al. [15], and Giesecke et al. [29].
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12 The algorithms of Sections 4 and 5 extend to expectations of the form E(f(N, X)), where X is a random variable. Note that (2) encompasses
E(g(N7)) for fixed T>0and g: S — R.

13 Throughout, O corresponds to the standard big O notation.

1 The algorithm is easily adapted to sampling of g(Nt) for a stopping time T and function g. In this case, one may wish to terminate the path
of h if 7, is already known to exceed T.

5 One may also combine simulation runs with differing discretization spacings A, (see (Talay [49, section 5.7, Romberg extrapolations]) to
significantly improve the order of the approximation.

18 Although feasible for some models of k, this may be prohibitively expensive.

7 When bridge sampling of the intensity is possible, one could reduce the uncertainty in the event time to an arbitrary precision with a bisec-
tion search (cf. Asmussen and Glynn [1, chapter X, 2b]). Another conceivable approach might reduce the time-grid spacing as F ' approaches
the level &;. Both heuristics are computationally expensive, difficult to analyze, and challenging to implement. More importantly, these ap-
proaches limit the scope of the scheme.

'8 In most practical settings, the predictable version is easy to determine. For instance if X is cadlag (or more generally a process with left lim-
its) then X_ is the predictable version of X.

19 For complete rigor, let L; = 1/Z; with Z in (9), a Doob martingale. Taking ¢ 1 co yields (7) with Ni log (1 ) =limyoNilog (1], ) =log (ul ) if
7; < o0 and zero otherwise.

20 Consistently with the convention 1/0 = co, Z, is the expression in (7) with the exponent negated. It is the last element of the Doob martin-
gale Z defined by Z; = E(Z | F;) and

n

Zi = exp Z (HI - Qi)t/\’[, +Nil.‘10g (u;:/\'l'i) !
i=1

21 Gee, for example, Brémaud [8], Kusuoka [34], Giesecke and Zhu [25], and Sokol and Hansen [48].

22 In the case of division by zero in (13), that is, if Z:':lp; =0 for all s € 7, without loss of generality we may set it; =1 for all s € 7. Then
Z:,l:lq’ =0on J, and no events occur under Q during J (the conditions of Lemma 3.2 are satisfied). The Q-event times may then be generat-
ed via inversion of the Q-compensator of C, which takes a simple piecewise linear form.

23 When estimating expectations of f(N, X), the new variable X would be included in G.

24 Note that unlike time scaling, the plain/exact JAM may be vectorized and parallelized.

25 We do not implement this scheme, as it provides no further insight into our methods.

26 Here, it is important that u is predictable in order to define the integral on the right of (A.2).

27 These times are distinct from those utilized in the proof of the related (Brémaud [8, theorem VI.2]) and do not form a localizing sequence
for the local martingales therein. Equation (A.1) localizes Z because we have | N |[< 1. Our {6} are Ho-measurable; a fact crucial to our proof.

28 Because k! > kke™*, yields e™*o8(0¥/2) /1 < e~k (pk/2)f k! < (p/2)".
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