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We study the sources of corporate default clustering in the United States. We reject the hy- 

pothesis that firms’ default times are correlated only because their conditional default rates 

depend on observable and latent systematic factors. By contrast, we find strong evidence 

that contagion, through which the default by one firm has a direct impact on the health 

of other firms, is a significant clustering source. The amount of clustering that cannot be 

explained by contagion and firms’ exposure to observable and latent systematic factors is 

insignificant. Our results have important implications for the pricing and management of 

correlated default risk. 
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1. Introduction 

The US economy has repeatedly suffered significant 

clusters of corporate default events. Examples include the 

savings and loan crisis of the early 1990s, the burst of the 

dotcom bubble in 2001, and the financial crisis of 2007–

2009. Fig. 1 , which shows the annual number of defaults of 

US industrial and financial firms with Moody’s rated debt 

between 1970 and 2012, illustrates these events. This paper 

analyzes the potential sources of the clusters observed in 

the default timing data. An understanding of these sources 

is crucial for the measurement of portfolio credit risk at fi- 

nancial institutions, the management of systemic financial 

risk, as well as the risk analysis and valuation of securi- 

ties exposed to correlated default risk, such as collateral- 

ized debt obligations. 

A major source of default clustering is the joint ex- 

posure of firms to common or correlated risk factors 

such as interest rates, stock returns, and GDP growth. 

The movements of these factors cause correlated changes 
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Fig. 1. Annual number of defaults of US firms with Moody’s rated debt. Source: Moody’s Default Risk Service. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 Self-exciting models that allow for the dependence of the conditional 

event rate on past events have been used by Aït-Sahalia et al. (2015) for 

analyzing the dynamics of asset returns with feedback jumps, by Bowsher 

(2007) for studying the dynamics of order book data, and by Jarrow and 

Yu (2001) ; Berndt et al. (2010) , and others for pricing corporate bonds 

and credit derivatives. In contrast to these prior studies, we also model 

and estimate the dependence of the conditional event rate on a latent, 

dynamically varying frailty factor. 
2 See, for example, Chava and Jarrow (2004) , Duffie and Garleanu 
in firms’ conditional default rates. For example, strong

economic growth often reduces the likelihood of default

across the board. In an important paper, however, Das et al.

(2007) provide strong evidence that this channel on its

own cannot explain the degree of clustering observed in

US industrial defaults between 1979 and 2004. The evi-

dence suggests that there are additional sources of default

clustering beyond firms’ joint exposure to systematic fac-

tors. Using data on US industrial and financial default tim-

ing between 1970 and 2012, we test whether contagion, by

which the default by one firm has a direct impact on the

health of other firms, is a source of default clustering. We

find strong evidence that contagion is a statistically and

economically significant source of default clustering, after

controlling for firms’ joint exposure to observable and la-

tent systematic factors. 

The case for contagion as a potential source of clus-

tering is easily made. Financial, legal, or business relation-

ships between firms might act as a conduit for the spread

of risk. For instance, a default by the protection seller in

a credit swap could expose the buyer of protection and

increase the default risk borne by the protection buyer’s

other counterparties (see Stulz, 2010 ). A related example

is the collapse of Lehman Brothers in 2008, which pushed

some of Lehman’s creditors, trading partners, and clients

into financial distress (see Aragon and Strahan, 2012; Brun-

nermeier, 2009; Chakrabarty and Zhang, 2012; Dumontaux

and Pop, 2013; Fernando et al., 2012 , and others). Conta-

gion is not limited to the financial sector. For example, the

default by major parts supplier Delphi in 2005 exposed

General Motors, as indicated by a jump in GM’s stock price

and credit swap spreads. Bams et al. (2016) , Boone and

Ivanov (2012) , Jorion and Zhang (2009) , and Lang and Stulz

(1992) provide evidence of default spillover effects on busi-

ness partners. With contagion, the default by one firm can

have a direct impact on the conditional default rates of

other firms, as in the network models of Acemoglu et al.

(2015) , Eisenberg and Noe (2001) , and Elliott et al. (2014) .

This impact causes correlation between firms’ conditional

default rates beyond the correlation due to firms’ joint ex-

posure to systematic factors. 

To explore the role of contagion for default cluster-

ing, we propose a new reduced-form model of correlated
default timing. The model addresses firms’ exposure to

observable systematic factors, a latent systematic factor,

and failure events. The conditional rate of defaults is al-

lowed to depend on time-varying factors that are observ-

able throughout the sample period, a latent frailty factor

with square-root dynamics that is not observable at all,

and past failures. A default event ramps up the conditional

arrival rate in a self-exciting way, representing a contagion

effect. 1 The impact depends on the amount of defaulted

debt and decays with time. Our model extends the stan-

dard doubly stochastic formulation widely used in theo-

retical and empirical analyses of correlated default risk. 2

In a doubly stochastic formulation, default arrivals are as-

sumed to be conditionally Poisson given the paths of the

observable risk factors, and the only potential source of

default clustering is firms’ joint exposure to these factors.

Our model also extends the richer formulation of Duffie

et al. (2009) with observable factors and a latent frailty

factor, in which arrivals are assumed to be conditionally

Poisson given the paths of all factors. The doubly stochastic

assumption imposes strong restrictions on the conditional

distribution of events since it precludes a direct influence

of past failures on the conditional default rate. Because we

do not make the doubly stochastic assumption, we avoid

such restrictions. By allowing the conditional default rate

to depend on past failures, our model of correlated default

risk generates a much richer set of distributions. 

We use our model to test several hypotheses regarding

the role of contagion for default clustering. We first estab-

lish the presence of excess clustering in the default data

that cannot be explained by firms’ joint exposure to ob-

servable and latent systematic factors. This closes an im-

portant gap in the literature. Das et al. (2007) find that
(2001) , Duffie et al. (2007) , Jarrow et al. (2005) , and Mortensen (2006) . 
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the degree of clustering in the data cannot be explained 

by firms’ joint exposure to systematic factors on its own. 

However, their tests ignore the potential influence of yet 

unidentified risk factors (i.e., frailty). There is in fact strong 

evidence that some of the systematic factors influencing 

corporate default rates have not been identified. Duffie 

et al. (2009) , for example, provide evidence of the exis- 

tence of a frailty factor that exhibits mean-reverting behav- 

ior. Chava et al. (2011) , Koopman et al. (2008) , Koopman 

et al. (2011) , Monfort and Renne (2013) , and others pro- 

vide related evidence. This raises the question of whether 

there actually is excess clustering after properly controlling 

not just for the influence of observable factors but also for 

that of latent frailty factors. It is conceivable that the cor- 

relation caused by the future movements of the latent fac- 

tors, as well as the uncertainty regarding the current value 

of these factors, is responsible for the excess clustering 

found by Das et al. (2007) . To resolve this issue, we sig- 

nificantly extend the time-change tests developed by Das 

et al. (2007) for doubly stochastic models with observable 

risk factors. We show that under a change of time defined 

by the cumulative posterior mean of the default rate, de- 

fault events follow a standard Poisson process. This result 

allows us to construct goodness-of-fit tests that also apply 

when the doubly stochastic assumption is violated because 

of the presence of latent frailty factors or the influence of 

past defaults. The tests provide strong evidence that, on its 

own, firms’ joint exposure to observable and latent system- 

atic risk factors cannot explain the degree of clustering in 

the data. 

Having obtained strong evidence for the presence of 

excess clustering in the default timing data, we next 

test whether contagion is a significant source of default 

clustering after controlling for firms’ joint exposure to ob- 

servable and latent systematic factors. The likelihood esti- 

mates of our model highlight the significant dependence of 

conditional default rates on past failures. A default is found 

to have a persistent impact on the default rate, with a half- 

life of about three months. Upon a default event with $173 

million of defaulted debt, the average in our data set, the 

default rate increases by roughly 2.8 events per year. A de- 

composition of conditional default rates indicates that the 

contagion channel plays a dominant role during clustering 

episodes, such as the crisis of 20 07–20 09. When the con- 

tagion channel is ignored, the role of frailty is overstated. 

These results strongly suggest that contagion is a statisti- 

cally and economically significant source of clustering, af- 

ter controlling for the influence of observable and latent 

systematic factors that prior studies have identified as pre- 

dictors of US defaults. 3 They provide empirical support for 

a growing theoretical literature emphasizing a contagion 

channel, such as the network models of Acemoglu et al. 

(2015) , Eisenberg and Noe (2001) , Elliott et al. (2014) , and 

many others. They also contribute to the current debate 

about the role of contagion in the financial versus the in- 
3 Focusing on US industrial defaults between 1982 and 2005, Lando and 

Nielsen (2010) find that the influence on default rates of past defaults is 

not significant. However, they do not control for firms’ exposure to latent 

frailty factors. 
dustrial sector: 4 we find that an industrial default event 

can trigger similar contagion effects as a similarly sized fi- 

nancial default event. 

Finally, we test whether the default timing data ex- 

hibit excess clustering that cannot be explained by firms’ 

joint exposure to observable and latent systematic risk fac- 

tors as well as failure events. We study the distribution 

of model-implied time-changed default counts and inter- 

default times, again appealing to our time-change tests. We 

find that our fitted model, which captures the clustering 

caused by the influence of systematic risk factors and the 

contagion channel, almost perfectly matches the theoreti- 

cal distribution of time-changed default counts and inter- 

default times implied by our time-change result. This sug- 

gests that the amount of default clustering in the data that 

cannot be explained by the sources we study in this paper 

is insignificant. 

We explore the implications of our findings for the 

measurement of portfolio credit risk, risk premiums in 

credit markets, and default risk factors. Simulations are 

used to gauge the importance of the contagion channel 

for estimating portfolio credit risk out of sample. Tests of 

forecast accuracy indicate that a default timing model that 

ignores the contagion channel leads to excessively high 

and volatile forecasts of portfolio credit risk. This comple- 

ments the results of Gouriéroux et al. (2014) , who show 

that a CDS pricing model that ignores the contagion chan- 

nel tends to overstate risk-neutral default probabilities. The 

accuracy tests also show that a model that does not con- 

trol for the influence of latent frailty factors tends to signif- 

icantly understate portfolio credit risk out of sample. Only 

after controlling for both frailty and contagion do we ob- 

tain accurate and sensible out-of-sample forecasts of cor- 

related default risk in the US. These findings have impor- 

tant implications for the management of credit risk at fi- 

nancial institutions. They suggest it is necessary to address 

the contagion channel and control for frailty when mea- 

suring portfolio credit risk and estimating risk capital. The 

model of correlated default timing we propose in this pa- 

per meets this need and could replace conventional doubly 

stochastic models in risk management applications. 

Our results also have important implications for the 

pricing of risk in credit markets. Several recent papers find 

evidence of contagion effects under the risk-neutral pricing 

measure. Jorion and Zhang (2007) empirically document 

spillovers of bankruptcies on intra-industry CDS spreads 

and equity prices. Berndt et al. (2010) develop a bond 

pricing model that allows for contagion and empirically 

show that the default of one firm can have a sizable im- 

pact on credit spreads of other firms. Bai et al. (2015) de- 

velop a general equilibrium model with contagion and 

show that pricing effects such as those found by Berndt 

et al. (2010) and Jorion and Zhang (2007) can be due to 

risk premiums for bearing exposure to contagion. Our re- 

sults provide empirical support for the theoretical model 

of Bai et al. (2015) , which assumes the existence of a con- 

tagion channel. Regressing weekly changes in bond spreads 
4 See Baur (2012) , Chakrabarty and Zhang (2012) , Helwege and Zhang 

(2016) , and Lee and Poon (2014) . 
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on weekly changes in the various components of the fitted

default rate, we find that a part of the risk premiums on

high-yield corporate bonds can be attributed to exposure

to contagion risk. 

Coval et al. (2009) provide evidence that CDO tranches

referenced on the CDX North American Investment Grade

Index were overpriced between 20 04 and 20 07, suggest-

ing that investors did not receive adequate compensation

for bearing exposure to clustered default risk. Fitting a

richer model to the data, however, Collin-Dufresne et al.

(2012) cannot find evidence of overpricing. Our approach

allows us to measure the compensation investors require

for bearing exposure to different sources of clustered de-

fault risk. Running regressions of weekly changes in CDX

index and tranche spreads on weekly changes of the com-

ponents of the fitted default rate that represent different

sources of default clustering, we find that firms’ expo-

sure to observable systematic factors can explain a part of

the changes of CDX index spreads. The contagion channel

can explain a part of the spread changes of some senior

CDX tranches. Consistent with Collin-Dufresne et al. (2012) ,

these results suggest that investor may demand compen-

sation for bearing exposure to clustered default risk. More-

over, the results indicate that different clustering sources

can give rise to risk premiums that vary across securities

and markets. 

Our analysis, which focuses on the economy-wide de-

fault rate rather than firm-level rates, also yields insights

into the importance of firm-specific factors for default tim-

ing. 5 We show that our economy-wide model fits the event

timing data as well as the firm-by-firm models of Duffie

et al. (2007) and Lando and Nielsen (2010) , which con-

trol for systematic and firm-specific factors. These authors

find that distance-to-default, a volatility-adjusted measure

of leverage, is the most statistically and economically sig-

nificant predictor of firm-level default in the United States.

However, when we aggregate the cross-section of distance-

to-default of publicly traded firms between 1991 and 2012,

and regress a cross-sectional average on an extensive list of

standard macroeconomic default risk factors, we find that

these factors can explain about 71% of the time variation

of the cross-sectional distance-to-default average. We ob-

tain similar results for other firm-specific default risk fac-

tors, such as leverage, volatility, and short-term debt ra-

tio. Further, the residuals of these regressions can only ex-

plain a small fraction of the portion of the default rate

not tied to the macroeconomic risk factors. Thus, firm-

specific risk factors are less relevant for clustered default

risk, after controlling for the influence of macroeconomic

and frailty default risk factors as well as the contagion

channel. This finding complements the results of Bharath

and Shumway (2008) , Campbell et al. (2008) , Tian et al.

(2015) , and others, who find that distance-to-default only

plays a minor role for forecasting firm-level defaults. Our

results also suggest that there is extensive commonality
5 Bams et al. (2016) , Bhansali et al. (2008) , Cont and Minca (2013) , 

Longstaff and Rajan (2008) , Giesecke et al. (2011) , Giesecke et al. (2014) , 

and Hull and White (2008) also pursue an economy-wide approach to 

default timing. The advantages of this approach are its relative simplicity, 

ease of specification, and convenience of estimation. 

 

 

 

 

 

 

in the cross-section of idiosyncratic risk factors influencing

default timing. This observation complements recent find-

ings by Atkeson et al. (2017) , who show that there is strong

comovement in the cross-section of a financial soundness

measure known as distance-to-insolvency. 

The remainder of this paper is organized as follows.

Section 2 formulates several hypotheses regarding the

sources of default clustering. Section 3 discusses the de-

fault timing data. Section 4 develops our reduced-form

model of correlated default timing and discusses our es-

timation methodology. Section 5 tests our hypotheses.

Section 6 analyzes the implications of our results for the

estimation of portfolio credit risk, and Section 7 stud-

ies the implications for the pricing of clustered default

risk in credit markets. Robustness tests are carried out in

Section 8 . Section 9 concludes. There is also an online ap-

pendix. 

2. Hypotheses 

The literature highlights the significance of macroe-

conomic factors for corporate default rates. For example,

Duffie et al. (2007) find that default probabilities of US in-

dustrials rise when short-term interest rates decline. Lando

and Nielsen (2010) show that US industrial default proba-

bilities also rise when the Treasury yield curve becomes

steeper and when the US industrial production growth rate

falls. Giesecke et al. (2011) conclude that default rates in-

crease during periods of GDP contraction, as well as dur-

ing stock market crashes and periods of high stock mar-

ket volatility. The importance of the macroeconomy for de-

fault timing is unsurprising: deteriorating macroeconomic

conditions negatively impact corporate earnings and the

valuation of corporate assets and liabilities. For exam-

ple, Longstaff and Piazzesi (2004) document procyclicality

in corporate earnings, Covas and Den Haan (2011) show

that debt and equity issuance are also procyclical, forc-

ing firms to reduce investments and operations in eco-

nomic downturns, and Acharya et al. (2013) demonstrate

that prices of speculative grade corporate bonds fall by ex-

cessive amounts during periods of macroeconomic stress. 

The joint exposure of firms to macroeconomic risk fac-

tors is a major source of default clustering: factor move-

ments induce correlated changes in firms’ conditional de-

fault rates. However, Das et al. (2007) provide strong ev-

idence that this source on its own does not explain the

degree of clustering found in US default timing data. Un-

fortunately, the tests proposed by Das et al. (2007) do not

control for the existence of latent frailty factors influenc-

ing corporate default rates. There is in fact strong evi-

dence that some of the systematic factors influencing cor-

porate default rates have not been identified. Duffie et al.

(2009) , for example, provide evidence of the existence of a

frailty factor that exhibits mean-reverting behavior. Chava

et al. (2011) , Koopman et al. (2008) , Koopman et al. (2011) ,

Monfort and Renne (2013) , and others provide related ev-

idence. Several theoretical models have been proposed to

show how frailty can arise endogenously. For example,

Benzoni et al. (2015) develop an equilibrium model of de-

fault risk in which investors are uncertain about the under-

lying economic state of the world. In this model, a com-
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mon frailty factor naturally arises as a driver of the cross- 

section of conditional default probabilities. Using a struc- 

tural model of multi-firm default, Giesecke (2004) shows 

how uncertainty regarding firms’ liabilities has an impact 

on conditional default probabilities across the board. 

Failure to control for the influence of latent frailty 

factors when measuring the default clustering caused by 

firms’ joint exposure to systematic risk factors can lead 

to misleading results. When latent factors are present, the 

tests of Das et al. (2007) may understate the importance 

for default clustering of firms’ joint exposure to systematic 

factors because of omitted variable bias. To address this is- 

sue, we will devise tests that control for frailty when mea- 

suring the importance for default clustering of firms’ joint 

exposure to systematic risk factors. We will test the follow- 

ing hypothesis: 

Hypothesis 1: firms’ joint exposure to observable and la- 

tent systematic risk factors on its own does not explain the 

degree of clustering found in US default timing data. 

If we find evidence supporting Hypothesis 1, then this 

suggests that there exist additional sources of default clus- 

tering beyond firms’ joint exposure to observable or la- 

tent systematic risk factors. An additional source of clus- 

tering might be contagion, by which the default by one 

firm may have a direct impact on the default rates of 

other firms. Financial, legal, or business relationships be- 

tween firms might act as a conduit for the spread of risk. A 

widely studied example is the downfall of Lehman Broth- 

ers in 2008, which exposed many of the firm’s creditors, 

clients, and trading counterparties. Chakrabarty and Zhang 

(2012) measure the impact of Lehman’s default on sev- 

eral measures of stock market liquidity for Lehman’s coun- 

terparties. They find that Lehman’s counterparties expe- 

rienced a more severe deterioration of liquidity follow- 

ing Lehman’s collapse than comparable firms that had no 

counterparty relations with Lehman. In the same vein, 

Aragon and Strahan (2012) find that stocks held by hedge 

funds that had counterparty exposures to Lehman experi- 

enced abnormally large market liquidity deterioration af- 

ter Lehman’s downfall compared to stocks that had no ex- 

posure to Lehman. Fernando et al. (2012) show that in- 

dustrial firms that had investment banking relations with 

Lehman experienced significantly negative abnormal stock 

returns immediately after Lehman’s collapse. More gener- 

ally, Hertzel et al. (2008) show that suppliers of a defaulted 

firm experience negative abnormal stock performance, sug- 

gesting that financial distress can spread across industries 

along the supply chain of a defaulted firm. Boone and 

Ivanov (2012) find that a default can have a negative im- 

pact on the financial performance of a firm’s strategic part- 

ners because of the inability of the defaulting firm to fulfill 

its partnership agreements. Mistrulli (2011) finds that the 

default of a firm in a conglomerate may force the parent 

firm to bailout the defaulted firm, raising the parent firm’s 

own default rate. Jorion and Zhang (2009) find evidence 

that a default may push the trade creditors of a defaulting 

firm into distress. The key feature of contagion is that a de- 

fault has an impact on the default rates of other firms, as 

in the network models of Acemoglu et al. (2012) , Eisenberg 

and Noe (2001) , Elliott et al. (2014) , and many others. This 

motivates the following hypothesis: 
Hypothesis 2: after controlling for firms’ joint exposure to 

observable and latent systematic risk factors, contagion is a 

statistically and economically significant source of corporate 

default clustering in the US. 

A key feature of Hypothesis 2 is that we control for the 

influence of frailty when measuring the significance of the 

contagion channel. Failure to control for frailty may lead 

to biased estimates of the contagion channel given support 

for Hypothesis 1. Bias due to omitted variables may explain 

the findings of Lando and Nielsen (2010) , who reject the 

hypothesis that contagion is a significant source of clus- 

tering. They only control for firms’ exposure to observable 

risk factors. 

The existence of evidence in support of Hypotheses 1 

and 2 does not exclude the possibility of there being excess 

default clustering that cannot be accounted for by firms’ 

joint exposure to observable and latent systematic factors 

as well as past failures (i.e., contagion). This motivates test- 

ing a third hypothesis: 

Hypothesis 3: there is significant excess default clustering 

not explained by firms’ joint exposure to observable and la- 

tent systematic risk factors as well as contagion. 

3. The data 

We will test the hypotheses developed in Section 2 us- 

ing data on industrial and financial default timing in the 

US between 1/1/1970 and 12/31/2012. The data cover all 

defaults of firms domiciled in the US with debt rated by 

Moody’s and were obtained from Moody’s Default Risk Ser- 

vice. 

We adopt Moody’s definition of a default event (see 

Hamilton, 2005 ). A default is an event in any of the 

following categories: (1) a missed or delayed disburse- 

ment of interest or principal, including delayed payments 

made within a grace period; (2) bankruptcy (Section 77, 

Chapter 10, Chapter 11, Chapter 7, prepackaged Chapter 

11), administration, legal receivership, or other legal blocks 

to the timely payment of interest or principal; or (3) 

a distressed exchange occurs where (i) the issuer offers 

debt holders a new security or package of securities that 

amount to a diminished financial obligation, or (ii) the ex- 

change had the apparent purpose of helping the borrower 

avoid default. A repeated default by the same issuer is in- 

cluded in the set of events if it was not within a year of the

initial event and the issuer’s rating was raised above CAA 

after the initial default. This treatment of repeated defaults 

is consistent with that of Moody’s. 

We observe a total of 2001 defaults by 1294 firms. 

There are 1452 days with default events. Fig. 2 shows the 

face amount of defaulted debt for each day in our sample 

period. The date with the largest amount of defaulted debt 

is March 27, 2009, when Charter Communications Hold- 

ings LLC defaulted. April 8, 2009, the day on which Har- 

rah’s Operating Company collapsed, is next on the list. The 

third largest event is the default of American Airlines on 

November 29, 2011. We observe that the face value of de- 

faulted debt tends to increase over the sample period. This 

is primarily due to the fact that the firms in our default 

data set have increased both their total liabilities and their 

leverage ratios over time; see Fig. 2 (b). 
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(b) Time series of total liabilities and leverage across all surviving
firms in our default data set.

Fig. 2. Time series of defaulted debt and leverage. 

In Fig. 2 (a) we display the time series of the sum of defaulted debt on every day of our sample period. In Fig. 2 (b) we show the time series of average 

total liabilities and average ratio of total liabilities to total assets across all surviving firms in our default data set. Data on total liabilities and total assets 

is obtained from the quarterly Compustat file when available and otherwise from the annually Compustat file. 
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Fig. 3 reports the distribution of defaulted debt. About

95% of the defaults involve $500 million or less of de-

faulted debt. The average amount of defaulted debt is $173

million; the median is $100 million. Fig. 4 shows the num-

ber of defaults by event category. The vast majority of

defaults is due to missed interest payments, Chapter 11

filings, or exchanges of distressed debt that resulted in

losses to bond investors. Fig. 4 also indicates the number

of events by sector. Most defaults occur in the capital in-
dustry, followed by the consumer industry, technology, re-

tail and distribution, and media and publishing sectors. 

Fig. 5 shows the joint distributions of the sector of a de-

faulting firm, the event category, the amount of defaulted

debt, and the time until the next default. Defaults involving

Chapter 11 filings, distressed exchanges, and missed prin-

cipal payments tend to be quickly followed by additional

defaults. These types of defaults also tend to be large in

terms of the amount of defaulted debt. Similarly, defaults
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(b) Number of defaults by industry sector according to Moody’s 11 Code.

Fig. 4. Defaults by event category and industry sector. 
in the finance, insurance, real estate, consumer industry, 

media and publishing, and technology sectors tend to be 

quickly followed by additional defaults. These sectors also 

tend to have large amounts of defaulted debt. Fig. 6 in- 

dicates that defaults with large amounts of debt tend to 

be quickly followed by additional defaults. Fig. 6 also sug- 

gests that the impact of large defaults on the arrival of ad- 

ditional defaults tends to be persistent: there is higher cu- 

mulated defaulted debt over the one-month period after a 

large default than in the one-month period after a small 

default. These observations will inform the design of our 

reduced-form model in Section 4 . 

We will study the influence on default timing of a 

number of explanatory variables (risk factors). We con- 

struct time series of variables from data obtained from 

the Federal Reserve Banks of New York and Saint Louis; 

Table 1 reports summary statistics. The variables we 

consider include the quarterly growth rate of the US 

industrial production calculated from final products and 

nonindustrial supplies (IP, observed monthly), the annual- 

ized quarterly growth rate of the US gross domestic prod- 

uct (GDP, observed quarterly), the trailing one-year return 

of the S&P 500 index (RET, observed daily), the trailing 
one-year volatility of the S&P 500 index (VOL, observed 

daily), the level of the yield curve measured by the yield 

of the three-month Treasury bill yield (LEVEL, observed 

daily), the slope of the yield curve measured by the spread 

between the ten-year Treasury note and the one-year Trea- 

sury bill (SLOPE, observed daily), the ten-year Treasury 

note yield (10Y, observed daily), Moody’s AAA corporate 

yield (AAA, observed weekly), the credit spread between 

the Moody’s BAA and AAA corporate yields (CRED, ob- 

served weekly), and a recession indicator according to the 

NBER business cycle dates (REC, observed monthly). Un- 

der different econometric assumptions and using different 

default timing data, Chava and Jarrow (2004) , Das et al. 

(2007) , Duffie et al. (2007) , Campbell et al. (2008) , Duffie 

et al. (2009) , Lando and Nielsen (2010) , Giesecke et al. 

(2011) , and others have found some or all of these vari- 

ables to be significant predictors of US defaults. 

4. Reduced-form model 

We develop a new reduced-form model of corre- 

lated default timing to test the hypotheses formulated in 

Section 2 . Reduced-form models are widely used in theo- 
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Fig. 5. Joint distributions. 

These charts show different em pirical bivariate distributions of: (a) default type versus time until the next default, (b) sector of defaulted firm versus time 

until the next default, (c) default type versus amount of defaulted debt, and (d) sector of defaulted firm versus amount of defaulted debt. The breakdowns 

correspond to the quintiles of each variable. 

Table 1 

Summary statistics of explanatory variables . This table provides summary statistics for the time series of macroeconomic explanatory variables. 

Variable Sample frequency Mean Standard Skewness Kurtosis Min. First Median Third Max. Number of 

deviation quartile quartile observations 

IP Monthly 2.36 4.11 −0 . 70 3.95 −11 . 78 0.62 2.76 4.90 11.22 516 

GDP Quarterly 6.71 4.27 0.75 5.99 −8 . 40 4.40 6.10 8.60 25.50 172 

RET Daily 8.23 17.32 −0 . 39 3.11 −48 . 82 −2 . 14 9.95 20.35 68.57 11218 

VOL Daily 17.46 7.50 0.44 2.50 2.11 11.06 16.97 22.43 37.07 11218 

LEVEL Daily 5.28 3.23 0.58 3.75 0.00 3.30 5.10 7.13 17.14 10740 

SLOPE Daily −1 . 12 1.20 0.35 2.91 −3 . 53 −1 . 93 −1 . 20 −0 . 30 3.44 10740 

10Y Daily 6.98 2.79 0.61 3.27 1.43 4.89 6.79 8.33 15.84 10740 

AAA Weekly 8.05 2.41 0.78 3.53 3.26 6.45 7.73 9.04 15.85 2243 

CRED Weekly 1.11 0.46 1.78 7.26 0.52 0.80 0.98 1.30 3.47 2243 

REC Monthly 0.19 0.40 1.55 3.40 0.00 0.00 0.00 0.00 1.00 516 

 

 

 

 

 

 

 

 

 

 

retical and empirical analyses of correlated default risk; see

Berndt et al. (2010) , Chava and Jarrow (2004) , Das et al.

(2007) , Duffie et al. (2007) , Duffie et al. (2009) , Jarrow and

Yu (2001) , Jarrow et al. (2005) , Lando and Nielsen (2010) ,

Longstaff and Rajan (2008) , and many others. Unlike the

models developed in the literature, our model captures the
influence of observable, time-varying risk factors, of a dy-

namically varying frailty, and of past defaults. The model

provides portfolio loss forecasts for multiple future periods

that take account of the time-series behavior of the ob-

servable and latent risk factors over the forecast period. 
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(a) Defaulted debt versus time until next default.
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(b) Defaulted debt versus cumulated defaulted debt over the 30-day period
post default.

Fig. 6. Impact of defaulted debt. 

These charts show the empirical joint distributions of the amount of defaulted debt and the amount of days until the next default occurs (top chart), and 

the amount of defaulted debt and the cumulated defaulted debt over the 30-day period post default. The breakdowns of the buckets correspond to the 

quintiles of each variable. 

 

 

 

 

6 Due to identifiability restrictions, we can only allow for a one- 
4.1. Model formulation 

The defaults in our sample arrive at an intensity that 

measures the conditional mean arrival rate of events per 

year (see Appendix A for details). To accommodate the po- 

tential sources of default clustering, we allow the intensity 

to depend on observable explanatory variables X 1 , . . . , X d , a 

latent frailty variable Z , and past defaults. More precisely, if 

Z were observable, the intensity at time t would be of the 

form 

λt = exp 

( 

a 0 + 

d ∑ 

i =1 

a i X i,t 

) 

+ Y t + Z t , (1) 

where a = (a 0 , a 1 , . . . , a d ) is a vector of coefficients to be

estimated, and Y , which will be specified below, models 

the influence of past defaults on the conditional default 

rate. The intensity at t given the actually available infor- 

mation is the posterior mean of λt ; details are provided in 

Internet Appendix B. 
The first term in Eq. (1) captures firms’ exposure to 

the common observable risk factor X = (X 1 , . . . , X d ) , which

represents the variables described in Section 3 above (see 

Table 1 ). As in Chava and Jarrow (2004) , Das et al. (2007) ,

Duffie et al. (2007) , and other articles, this term takes 

the classical proportional hazards form of Cox (1972) . 

When Y and Z are positive, this formulation ensures 

that the intensity is positive for any value of the fac- 

tor vector X . Moreover, when Y = 0 and Z = 0 , the in-

fluence of the risk factor X i is multiplicative and the 

parameter a i is a proportionality factor. If X i increases 

by one unit, then the intensity increases by a factor of 

e a i − 1 . 

The term Z in Eq. (1) models the influence of a com- 

mon latent frailty factor on the timing of defaults in our 

sample. 6 We propose a standard mean-reverting Cox- 
dimensional frailty factor. 
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Table 2 

Coefficient estimates and standard errors of ordi- 

nary least squares regressions of total liabilities. 

This table presents the results of ordinary least 

squares regressions of the logarithm of the total 

liabilities of a firm at default on the logarithm of 

the defaulted debt and our macroeconomic vari- 

ables at the time of default. Data on total liabili- 

ties is obtained from the quarterly Compustat file 

when available and otherwise from the annually 

Compustat file. ∗ indicates significance at the 95% 

level, ∗∗ significance at the 99% level, and ∗∗∗ sig- 

nificance at the 99.9% level. 

Variable Regression 1 Regression 2 

Constant ∗∗∗ 1.4334 ∗∗∗ 3.5208 

(0.2583) (0.5284) 

log(DEFDEBT) ∗∗∗ 0.4556 ∗∗∗ 0.3581 

(0.0415) (0.0408) 

IP 0.0250 

(0.0197) 

GDP 0.0078 

(0.0217) 

RET −0 . 0046 

(0.0041) 

VOL 0.0094 

(0.0076) 

LEVEL 0.0057 

(0.1904) 

SLOPE 0.0985 

(0.2147) 

10Y −0 . 2689 

(0.1438) 

CRED −0 . 14 4 4 

(0.1708) 

AAA 0.0249 

(0.1971) 

REC 0.0915 

(0.1762) 

Adjusted R 2 0.155 0.269 

Data points 2001 2001 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ingersoll-Ross (CIR) model for the dynamics of the latent

factor Z : 

d Z t = k (z − Z t )d t + σ
√ 

Z t d W t , (2)

for z, k, σ ≥ 0, and 2 kz ≥σ 2 . 7 Here, W is a standard Brown-

ian motion independent of X , and Z is initialized at its sta-

tionary gamma distribution with shape parameter 2 kz 
σ 2 and

scale parameter σ 2 

2 k 
. The choice of a mean-reverting model

is motivated by the results of Duffie et al. (2009) , who

find strong evidence for the existence of a mean-reverting

frailty influencing US nonfinancial default timing between

1979 and 2004. 

The term Y in Eq. (1) addresses the influence of past

failures on default timing. We propose the classical self-

exciting specification of Hawkes (1971) , which is widely

used in the empirical and theoretical contagion literature: 8

 t = b 
∑ 

n : T n ≤t 

e −κ(t−T n ) U n , (3)

where b > 0 and κ > 0 are parameters to be estimated. The

increasing sequence of times T n represent the dates in the

sample with at least one default, and the variables U n char-

acterize the impact of defaults on the conditional default

rate. The intensity is ramped up by bU n given at least one

event at T n . The impact fades away with time at rate κ .

Letting u n be the sum of the face values of defaulted debt

at T n , we take 

 n = max { 0 , log u n } . (4)

We justify the choice in Eq. (4) . Fig. 6 indicates that

defaults with large amounts of defaulted debt tend to be

quickly followed by additional defaults, and that the im-

pact of defaults with large amounts of defaulted debt on

the arrival of future defaults is persistent. Fig. 5 suggests

that the variability in defaulted debt can capture the cross-

sectional variability of the impact of the industry sector

and event category on the arrival of future defaults. We in-

terpret that defaults with large amounts of defaulted debt

have a strong impact on the default rate, regardless of

other default characteristics. 

Hertzel et al. (2008) , Jorion and Zhang (2007,

2009) provide evidence that bankruptcies of firms with

large liabilities induce stronger contagion effects than

bankruptcies of firms with small liabilities. For the global

network of large CDS counterparties, Yang and Zhou

(2013) document that credit risk spillovers from distressed

firms are more severe if the distressed firm has large lever-

age ratios. Using data of firm liabilities from Compustat,

we find that the amount of defaulted debt is correlated

with total liabilities at default. Among the defaulted firms

in our dataset for which liabilities data is available, the

correlation coefficient between the logarithm of defaulted

debt and the logarithm of total liabilities at default is 0.39.

Table 2 indicates that a regression of total liabilities at
7 We have considered alternative parameterizations of the model (2) , 

including one with unit volatility but Z in Eq. (1) replaced by σZ . The 

results for these alternatives are very similar to those for Eq. (2) . 
8 See Aït-Sahalia et al. (2015) , Bowsher (2007) , Errais et al. (2010) , and 

others. 

 

 

 

 

 

default on defaulted debt has an adjusted R -squared of

0.15 without controlling for the influence of the explana-

tory variables X and 0.27 after controlling for X . Fig. 7

indicates that the quantiles of the logarithm of defaulted

debt closely match the quantiles of the logarithm of total

liabilities at default, except for a few defaults with very

small and very large amounts of defaulted debt. As a

result, defaulted debt provides a proxy for total liabilities

at the time of default. Based on these observations and

because liability data is only available for about one-third

of the firms in our data set, we specify the impact of a

default event on the conditional default rate in terms of

defaulted debt and Eq. (4) . Overall, our contagion factor

roughly captures aggregate credit exposure to defaulted

firms, consistent with the contagion mechanism of Jorion

and Zhang (2007, 2009) . 

4.2. Likelihood estimation 

We estimate the parameter θ = (a, b, k, κ, σ, z, s ) gov-

erning the reduced-form model of Eq. (1) by the method

of maximum likelihood. Since the frailty Z influencing the

intensity cannot be observed, the likelihood problem is not

standard unless z = σ = 0 . We implement a variant of the
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Fig. 7. QQ-plot of log defaulted debt versus log total liabilities. 

This figure maps the realized quantiles of the logarithm of defaulted debt onto the quantiles of the logarithm of total liabilities at default of a firm. The 

slope of the line is 1.05. Number of observations: 650. 

Table 3 

Reduced-form model alternatives. 

The table reports the intensity specification for each reduced-form model we esti- 

mate. Each model addresses a different set of clustering sources. 

Model Parameter restrictions Intensity 

Complete None λt = exp (a 0 + 

∑ d 
i =1 a i X i,t ) + Y t + Z t 

Base + Frailty b = 0 λt = exp (a 0 + 

∑ d 
i =1 a i X i,t ) + Z t 

Base + Contagion z = σ = 0 λt = exp (a 0 + 

∑ d 
i =1 a i X i,t ) + Y t 

Base b = z = σ = 0 λt = exp (a 0 + 

∑ d 
i =1 a i X i,t ) 

 
filtered likelihood estimation developed by Giesecke and 

Schwenkler (2018) ; see Internet Appendix A for details. 

The likelihood is the posterior mean of the complete-data 

likelihood given the observed data, which include the de- 

fault dates, the defaulted debt, and time series of the ex- 

planatory variables X 1 , . . . , X d discussed in Section 3 . 9 The 

posterior mean is evaluated using a quadrature method. 

This approach eliminates the need to perform Monte Carlo 

simulations of the frailty path over the 43-year sample pe- 

riod, which would be computationally burdensome. It also 

avoids the loss of estimation efficiency and potential biases 

associated with the simulated expectation-maximization 

(EM) algorithm often used for this type of problem. 10 The 

resulting likelihood estimators are consistent and asymp- 

totically normal as the sample period grows (see Internet 

Appendix A.3). 

4.3. Parameter estimates 

We fit our model along with three nested (i.e., re- 

stricted) alternatives that are described in Table 3 . A model 

for which b = 0 ignores contagion. A model for which z = 
9 Following the empirical default timing literature, we interpolate the 

discrete observations of the explanatory variables to obtain continuous 

time series. 
10 Duffie et al. (2009) ; Koopman et al. (2008, 2011) , and others use EM 

algorithms to estimate the influence of frailty on default timing. Giesecke 

and Schwenkler (2018) indicate that EM algorithms may be unable to 

precisely differentiate between jump and diffusive movements of the in- 

tensity when the intensity depends on a latent frailty factor and a self- 

exciting factor as in Eq. (1) . 
σ = 0 ignores frailty. A base model for which b = z = σ = 0

captures only the clustering implied by firms’ joint de- 

pendence on the observable risk factor X . Table 4 reports 

the parameter estimates and the corresponding asymptotic 

standard errors. 

The self-excitation term Y is highly significant. Past de- 

faults appear to be significant predictors of future defaults, 

after controlling for the influence of observable and frailty 

factors. A default has an economically significant and per- 

sistent impact on the intensity, with a half-life of about 

three months. Upon a default event with $173 million of 

defaulted debt, the average in our data set, the intensity 

increases by roughly 2.8 events per year. The fitted values 

of the parameters b and κ governing Y are very similar to 

the fitted values in the model omitting the frailty factor. 

This observation suggests that the term Y has been prop- 

erly identified. In particular, the role of Y is not overstated 

at the expense of the frailty term. Identifiability is further 

discussed in Section 4.5 . 

The latent frailty Z exhibits significant mean-reverting 

behavior. A one standard deviation shock to Z increases 

the aggregate default rate by about 0.75 defaults per year, 

and this effect dissipates quickly with a half-life of about 

one day. Even though our data spans a longer time hori- 

zon and includes defaults of financial firms, the parameter 

estimates for our frailty factor in the restricted model are 

almost equal to the estimates for the frailty factor in the 

comparable model of Duffie et al. (2009) . 11 However, the 
11 Duffie et al. (2009) estimate that their frailty factor has a volatility of 

0.125 and a mean-reversion speed of 0.018. We estimate that our frailty 
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Table 4 

Parameter estimates for each of the four model alternatives described in Table 3 . The asymptotic stan- 

dard errors are given parenthetically. They are computed using the Hessian matrix of the log-likelihood 

at the parameter estimates reported. Some of the variables of Table 1 are not included here due to lack 

of significance. ∗ indicates significance at the 95% level, ∗∗ significance at the 99% level, and ∗∗∗ signif- 

icance at the 99.9% level. 

Complete Base Base + Contagion Base + Frailty 

Constant a 0 
∗∗ −1 . 6926 ∗∗∗ 1.0141 ∗∗ −1 . 6639 0.5649 

(0.6765) (0.1349) (0.6453) (0.8971) 

IP coefficient a 1 −0 . 0013 −0 . 0509 −0 . 0027 −0 . 0616 

(0.0334) (0.0086) (0.0318) (0.0471) 

GDP coefficient a 3 
∗∗∗ −0 . 1235 ∗∗∗ −0 . 1117 ∗∗∗ −0 . 1197 0.0031 

(0.0360) (0.0098) (0.0343) (0.0391) 

RET coefficient a 4 0.0017 ∗ −0 . 0045 0.0015 −0 . 0193 

(0.0078) (0.0018) (0.0074) (0.0173) 

VOL coefficient a 5 0.0038 ∗∗ 0.0112 0.0041 0.0123 

(0.0208) (0.0038) (0.0222) (0.0246) 

LEVEL coefficient a 6 0.0284 ∗∗ −0 . 0466 0.0277 ∗∗∗ −0 . 6734 

(0.0612) (0.0149) (0.0857) (0.1546) 

SLOPE coefficient a 8 0.0 0 07 ∗ 0.0821 0.0019 −0 . 4748 

(0.1751) (0.0352) (0.2770) (0.2836) 

CRED coefficient a 9 −0 . 01804 ∗∗∗ −0 . 7305 −0 . 0192 −0 . 0971 

(0.3907) (0.0741) (0.4253) (0.3035) 

Frailty volatility σ 0.2221 ∗∗∗ 0.1288 

(0.1602) (0.0146) 

Frailty mean reversion rate k ∗ 6.0203 ∗∗∗ 0.0156 

(2.9545) (0.0 0 02) 

Frailty mean reversion level z ∗ 0.0041 ∗∗∗ 0.5335 

(0.0020) (0.0577) 

Contagion sensitivity b ∗∗∗ 0.0103 ∗∗∗ 0.0101 

(0.0017) (0.0017) 

Contagion decay rate κ ∗∗∗ 0.0571 ∗∗∗ 0.0563 

(0.0096) (0.0098) 

Log-likelihood 606.29 446.12 606.21 599.24 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fitted parameters in the unrestricted model differ by or-

ders of magnitude from those in the model ignoring conta-

gion. On one hand, the fitted frailty has small volatility and

quickly reverts to a low but significant level in the unre-

stricted model. On the other hand, the fitted frailty is very

persistent and has a high reversion level and high volatil-

ity in the restricted model. These findings suggest that a

model ignoring the contagion channel may overstate the

role of frailty. 

Among the observable factors, GDP growth has a signif-

icant influence on the intensity. The sensitivity of the in-

tensity to this factor is negative, consistent with the intu-

ition that strong economic growth reduces the likelihood

of defaults (see Giesecke et al., 2011 ). Moreover, the fitted

value of the sensitivity parameter is similar to the values

estimated for the restricted models (if these values are sig-

nificant), suggesting that the impact of GDP growth on the

intensity is not overstated at the expense of other risk fac-

tors or the frailty and self-exciting terms. A one standard

deviation shock to GDP growth may increase the aggregate

default intensity by up to 40%. 

Unlike Duffie et al. (20 07, 20 09) , and Lando and Nielsen

(2010) , we find that the S&P 500 return is a significant risk

factor only in the base model. Our parameter estimates

suggest that this is due to the fact that we control for
factor in the Base + Frailty model has a volatility of 0.129 and a mean- 

reversion speed of 0.016. 

 

 

 

frailty and contagion when measuring the impact of the

explanatory variables. The aforementioned papers control

for only one of these effects, or neither. Also the corpo-

rate bond yield spread is found to be insignificant. This

finding complements previous results by Collin-Dufresne

et al. (2001) , Giesecke et al. (2011) , and Gilchrist and Za-

krajšek (2012) on the connection between credit spreads

and the business cycle. It provides additional evidence that

credit spreads contain little information about physical de-

fault probabilities. 

4.4. Fitted intensity 

Fig. 8 compares the fitted intensity to the default data.

The fitted intensity at time t is given by the fitted poste-

rior mean of λt given the data observed to time t . Without

frailty ( z = σ = 0 ), the posterior mean, h t , is equal to λt .

With frailty, the computation of h t is a filtering problem;

see Internet Appendix B. 

The base model does a relatively poor job at explain-

ing the default timing data. It lags clusters and signifi-

cantly overstates the arrival rates during the first quar-

ter of the sample period and during the financial crisis

of 20 07–20 09. The richer models capture the substantial

time-variation of realized arrival rates much better. The

models addressing the contagion channel match the low

arrival rates during the early part of the sample better than

the models that ignore that channel. 
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Fig. 8. Fitted intensities. 

A figure shows the fitted intensity (measured in defaults per year) implied by the maximum likelihood estimates reported in Table 4 . A gray bar represents 

the realized number of defaults per year. 
We examine the relative contributions to the fitted in- 

tensity h t of each of the components of the unrestricted 

model by decomposing h t into the sum of the contagion 

term Y t , the filtered frailty factor E t [ Z t ] (the posterior mean 

of Z t ), and a term e a 0 + 
∑ d 

i =1 a i X i,t capturing the exposure to 

observable systematic factors. Fig. 9 shows that, since the 

mid 1980’s, the latter component consistently accounts for 

25% to 35% of the default rate. This finding is consistent 

with the estimates of Koopman et al. (2012) and suggests 

that we have properly controlled for the exposure to ob- 

servable systematic risk factors. Fig. 9 also indicates that 

the contagion term represents a significant fraction of the 

default rate and that this fraction is especially large dur- 

ing clustering episodes. In contrast, the contribution of the 

frailty term to the default rate is small and only becomes 

larger during episodes of low default activity. 

4.5. Identification 

Simulations are used to study the ability of our estima- 

tion approach to identify the three different components of 

our model (observable factors, frailty, and contagion). We 

generate 50 sample data sets from each of the four models 

in Table 3 via Monte Carlo simulation, and then estimate 

the complete (i.e., unrestricted) model for each of these 

data sets. We seek to determine whether the complete 

model can identify a model component if it was present 

in the model used to sample the data. 
Table 5 reports our findings. The exposure to the GDP 

growth rate is always found to be significant, and the la- 

tent frailty factor is found to be significant only when it 

is actually present in the data. This confirms our ability 

to identify the exposure to systematic risk factors, even if 

one of the factors is a frailty. The contagion factor is found 

significant only when it is actually present in the data. 

The z -scores of the estimates also indicate that the data- 

generating parameters are precisely estimated even when 

the estimated model is misspecified because it includes 

factors that are not present in the data. The fitted complete 

model does not overstate the role of the contagion term 

when this term is present in the data. The results of this 

analysis suggest that our approach can accurately identify 

and differentiate between the sources of clustering. 

5. Hypotheses tests 

5.1. Hypothesis 1 

We develop time-scaling tests to test Hypothesis 1 re- 

garding the ability of firms’ joint exposure to observable 

and latent systematic risk factors to explain the degree of 

default clustering found in the default timing data. 

An important result of Das et al. (2007) states that if 

there are no latent frailty factors and defaults are doubly 
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Fig. 9. Decomposition of fitted default intensity. 

This figure decomposes the time series of the fitted default intensity, E t [ λt ] , into its macro, contagion, and frailty components, and compares to the number 

of defaults in each year. The fitted intensity at any point of time is normalized to unity so that each component is displayed as percentage of the fitted 

intensity. The fitted intensity and its components are computed as described in Appendix B using the parameter estimates of Table 4 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

stochastic, 12 then the default count N t can be transformed

into a standard Poisson process by a change of time given

by the cumulative intensity. Our model violates the dou-

bly stochastic hypothesis because it addresses the conta-

gion channel and it includes an unobservable frailty factor.

Therefore, the tests of Das et al. (2007) do not apply. We

generalize the time-change result of Das et al. (2007) in

Proposition 1 in Appendix B . Our result also covers mod-

els in which the doubly stochastic assumption is violated

because of the presence of a latent frailty factor or a self-

exciting term. We show that the default count N t can al-

ways be transformed into a standard Poisson process by

a change of time given by the cumulative posterior mean

h t of the intensity. This result allows us to compare the

goodness-of-fit of models addressing different sources of

default clustering by testing the Poisson property of the

time-scaled default times. 

For a bin of size w > 0, we construct an increasing se-

quence of times t w 

i 
so that the cumulative posterior inten-

sity mean h t between two consecutive times is equal to

w . Formally, 
∫ t w 

i 

t w 
i −1 

h s d s = w for each i . Let P w 

i 
be the num-
12 A model with observable risk factors is doubly stochastic if default 

arrivals are conditionally Poisson given the paths of the factors. A doubly 

stochastic model addresses only the default correlation caused by firms’ 

joint exposure to the risk factors. 

 

 

 

 

 

ber of defaults between t w 

i −1 
and t w 

i 
. Proposition 1 im-

plies that the P w 

i 
are independent samples from a Pois-

son distribution with parameter w . We test this property

for different bin sizes w using a series of tests described

in Karlis and Xekalaki (20 0 0) and Das et al. (2007) . The

Potthoff-Whittinghill-Bohning test evaluates the moments

and the Kocherlakota-Kocherlakota test evaluates the gen-

erating function of the P w 

i 
. The other tests examine the in-

dependence, dispersion, tail properties, and distribution of

the P w 

i 
. 

Table 6 reports the p -values of the Poisson property

tests. The base model, which only controls for firms’ joint

exposure to observable systematic factors, fails most of

these tests at high significance levels. It generates binned

event counts that are correlated and does not match the

corresponding Poisson distributions. Table 7 suggests that

the base model is rejected because it generates binned

event counts that are overdispersed, with the variances

of the P w 

i 
exceeding the theoretical counterparts. Overdis-

persed counts are a sign of model misspecification (see

Cameron and Trivedi, 1998 ). Consistent with Das et al.

(2007) but in contrast to Lando and Nielsen (2010) , our re-

sults indicate that a model of clustered default risk that

only controls for firms’ exposure to observable system-

atic factors can be rejected because it is misspecified. Un-

like the aforementioned studies, however, our rejection is
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Table 5 

Average parameter estimates of a restricted version of the complete model of Table 3 . The estimates in each 

column are derived from 50 data samples simulated from the following submodels: 

Complete: a 0 = −1 . 6 , a 3 = −0 . 12 , σ = 0 . 2221 , k = 6 . 0203 , z = 0 . 0041 , b = 0 . 0103 , κ = 0 . 0571 , 

Base: a 0 = −1 . 6 , a 3 = −0 . 12 , 

Base + Contagion: a 0 = −1 . 6 , a 3 = −0 . 12 , b = 0 . 0101 , κ = 0 . 0563 , 

Base + Frailty: a 0 = −1 . 6 , a 3 = −0 . 12 , σ = 0 . 1300 , k = 0 . 0200 , z = 0 . 5300 . 

These choices are inspired by the estimates of Table 4 . For simplicity, we restrict the complete model to 

only include the GDP growth rate as covariate given that this is the only significant factor in Table 4 . The 

time horizon is the same as in Table 4 . Empirical standard deviations of the estimated parameters are given 

parenthetically. We compute significance levels from a centralized normal distribution with standard deviations 

given by the empirical standard deviations of the parameter estimates. ∗ indicates significance at the 95% level, 
∗∗ significance at the 99% level, and ∗∗∗ significance at the 99.9% level. The z -score of the parameter estimates 

relative to the true data-generating parameters are given in brackets when applicable. 

Data sampled from the model: 

Complete Base Base + Contagion Base + Frailty 

Constant a 0 
∗∗∗ −1 . 5214 −2 . 4421 ∗∗∗ −1 . 5404 ∗∗∗ −1 . 6012 

(0.1964) (2.0 0 02) (0.1860) (0.3265) 

[0.40 0 0] [ −0 . 4210] [0.3206] [ −0 . 0037] 

GDP coefficient a 3 
∗∗∗ −0 . 1194 ∗ −0 . 1714 ∗∗ −0 . 0993 ∗∗ −0 . 1129 

(0.0044) (0.0838) (0.0272) (0.0543) 

[0.1422] [ −0 . 6130] [0.7632] [0.1305] 

Frailty volatility σ ∗∗∗ 0.2150 0.0583 0.0 0 04 ∗∗∗ 0.1294 

(0.0135) (0.1472) (0.0015) (0.0 0 09) 

[ −0 . 5255] [ −0 . 6113] 

Frailty mean reversion rate k ∗ 6.9728 0.5052 0.8419 ∗∗∗ 0.0246 

(3.1274) (0.2650) (0.8660) (0.0064) 

[0.3046] [0.7126] 

Frailty mean reversion level z ∗∗ 0.0040 0.1347 0.0034 ∗∗∗ 0.3999 

(0.0015) (0.4778) (0.0228) (0.0658) 

[ −0 . 0685] [ −1 . 9789] 

Contagion sensitivity b ∗∗∗ 0.0084 0.0018 ∗∗∗ 0.0089 0.0 0 04 

(0.0012) (0.0029) (0.0012) (0.0 0 07) 

[ −1 . 3774] [ −1 . 0332] 

Contagion decay rate κ ∗∗∗ 0.0508 1.0070 ∗∗∗ 0.0554 0.1727 

(0.0070) (2.4606) (0.0068) (0.2451) 

[ −0 . 7861] [ −0 . 1375] 
based on a significantly longer sample period that encom- 

passes the financial crisis and also includes financial firms. 

The model that controls for observable and latent sys- 

tematic risk factors fails the Potthoff-Whittinghill-Bohning 

tests of the moments of the Poisson distribution. It also 

fails a chi-squared goodness-of-fit test. Table 7 suggest that 

the model fails these tests because it tends to generate 

underdispersed binned event counts, with empirical vari- 

ances of the P w 

i 
that are much lower than the correspond- 

ing empirical means. Underdispersion is a sign of positive 

correlation between model-implied inter-default times (see 

Winkelmann, 1995 ). We conclude that a model that only 

controls for firms’ joint exposure to observable and latent 

systematic factors does not properly capture the correla- 

tion structure of the default times in the data set. 

The results of the time-scaling tests support Hypoth- 

esis 1: there is excess clustering in the default timing 

data that cannot be explained by firms’ exposure to ob- 

servable and latent systematic factors. Next we examine 

whether the contagion channel can explain the excess 

clustering. 

5.2. Hypothesis 2 

We test Hypothesis 2 regarding the significance of the 

contagion channel for default clustering, after controlling 
for firms’ exposure to observable and latent systematic fac- 

tors. The parameter estimates for the unrestricted model, 

which are discussed in Section 4.3 above, indicate that the 

contagion term is statistically and economically significant. 

A default has a persistent impact on the intensity, with 

a half-life of about three months. Upon a default event 

with $173 million of defaulted debt, the average in our 

data set, the intensity increases by roughly 2.8 events per 

year. 

To further assess the statistical significance of the con- 

tagion channel, we use likelihood ratio tests that measure 

by how much the goodness-of-fit is improved when adding 

factors to a restricted model. The test results are reported 

in Table 8 . Relative to the base model, adding the frailty 

term leads to a significant improvement in model fit. This 

indicates the importance of controlling for latent system- 

atic factors when measuring the degree of clustering due 

to exposure to systematic factors. Relative to the model 

that includes observable and latent factors, the inclusion of 

the self-excitation term representing an additional source 

of clustering yields further improvements. Overall, these 

findings provide strong support of Hypothesis 2. Contagion 

is a significant source of clustering, after controlling for 

firms’ joint exposure to observable and latent systematic 

factors, both from a statistical and from an economic per- 

spective. 
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Table 6 

Poisson distribution tests. 

p -values of Poisson distribution tests for the counts of the binned event counts P w 
i 

. The Potthoff-Whittinghill-Bohning test compares the 

empirical moments of the P w 
i 

to the theoretical moments. Its asymptotic distribution is standard normal ( Karlis and Xekalaki (20 0 0) ). The 

Kocherlakota-Kocherlakota test evaluates the empirical moment generating function of the P w 
i 

and compares to its theoretical counterpart, 

see Karlis and Xekalaki (20 0 0) . The upper tail test examines the fatness of the right tail of the empirical distribution of the P w 
i 

(see Das 

et al., 2007 ). We compute empirical p -values for the Kocherlakota-Kocherlakota and the upper tail tests via bootstrapping with 10 0,0 0 0 

samples. The independence test is a BDS test with a distance parameter of one standard deviation. The Fisher dispersion test examines the 

variance of the realized P w 
i 

s and is described in Das et al. (2007) . Finally, we also perform a standard chi-squared goodness of fit test for 

the Poisson distribution. The number of samples of P w 
i 

for each model are as follows (ordered by increasing bin size). Base: 727, 364, 243, 

182, 146. Base + frailty: 775, 388, 259, 194, 155. Base + contagion: 729, 365, 243, 183, 146. Complete: 730, 365, 244, 183, 146. ∗ indicates 

rejection with 95% confidence, ∗∗ rejection with 99% confidence, and ∗∗∗ rejection with 99.9% confidence. 

Potthoff-Whittinghill-Bohning test Kocherlakota-Kocherlakota test 

w Base Base + frailty Base + contagion Complete w Base Base + frailty Base + contagion Complete 

2 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 2 0.575 0.508 0.688 0.693 

4 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗ 0.012 0.126 4 0.158 0.466 0.719 0.807 

6 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 0.253 0.499 6 ∗ 0.015 0.482 0.833 0.916 

8 ∗∗∗ 0.0 0 0 ∗∗ 0.001 0.737 0.717 8 ∗∗ 0.001 0.515 0.965 0.949 

10 ∗∗∗ 0.0 0 0 ∗∗ 0.002 0.660 0.820 10 ∗∗∗ 0.0 0 0 0.489 0.952 0.978 

Independence test Fisher dispersion test 

w Base Base + frailty Base + contagion Complete w Base Base + frailty Base + contagion Complete 

2 ∗∗∗ 0.0 0 0 0.911 0.961 0.517 2 ∗∗∗ 0.0 0 0 1.0 0 0 1.0 0 0 1.0 0 0 

4 ∗∗∗ 0.0 0 0 0.655 0.148 0.163 4 ∗∗∗ 0.0 0 0 1.0 0 0 0.997 0.949 

6 ∗∗∗ 0.0 0 0 ∗ 0.030 0.118 0.064 6 ∗∗∗ 0.0 0 0 1.0 0 0 0.884 0.771 

8 ∗∗∗ 0.0 0 0 0.074 0.296 ∗∗ 0.004 8 ∗∗∗ 0.0 0 0 1.0 0 0 0.647 0.657 

10 ∗∗∗ 0.0 0 0 ∗∗ 0.002 ∗ 0.018 ∗∗ 0.001 10 ∗∗∗ 0.0 0 0 1.0 0 0 0.674 0.592 

Upper tail test Chi-squared test 

w Base Base + frailty Base + contagion Complete w Base Base + frailty Base + contagion Complete 

2 ∗∗ 0.004 1.0 0 0 0.994 0.985 2 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 

4 ∗∗∗ 0.0 0 0 1.0 0 0 0.921 0.796 4 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗ 0.008 0.115 

6 ∗∗∗ 0.0 0 0 1.0 0 0 0.742 0.630 6 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 0.248 0.517 

8 ∗∗∗ 0.0 0 0 1.0 0 0 0.741 0.672 8 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 0.763 0.746 

10 ∗∗∗ 0.0 0 0 1.0 0 0 0.769 0.632 10 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 0.683 0.849 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.3. Hypothesis 3 

We study whether excess clustering remains in the de-

fault data that cannot be explained by firms’ exposure to

systematic factors and contagion. We begin by testing the

unrestricted model using the time-scaling tests introduced

in Section 5.1 . The results are reported in Table 6 . The un-

restricted model fails few tests. It exhibits only a minor de-

gree of under or overdispersion, with empirical means and

variances of the P w 

i 
in Table 7 that are closest to each other

when compared to the nested submodels. 

The time-scaling tests evaluate specific distributional

features of time-scaled default events. The unrestricted

model may allow for unexplained excess clustering even

if it does not fail the tests of Section 5.1 if, for example,

it fails at matching distributional features not evaluated by

the time-scaling tests. To show that this is not the case,

we look at quantile-quantile (QQ) plots of time-scaled de-

fault events and inter-default times. Under the null hy-

pothesis of a correctly specified model, Proposition 1 in

Appendix B implies that the time-scaled binned default

events P w 

i 
are independent samples from a Poisson dis-

tribution with rate w . Proposition 1 also implies that the

time-scaled inter-default times τn = 

∫ T n 
T n −1 

h s d s are indepen-

dent samples from a standard exponential distribution.

If the quantiles of observed time-scaled binned defaults

 

and inter-default times match the corresponding theoret-

ical quantiles within the bounds of statistical significance,

then this is an indication that the unrestricted model is ad-

equately specified for the default timing data. Such a result

would suggest that all default clustering in the data can

be explained by firms’ joint exposure to systematic factors

and contagion. 

Fig. 10 shows the QQ plots. We see that the quantiles of

binned default events match the theoretical quantiles for

all bin sizes. We also see that the quantiles of inter-default

times match the corresponding theoretical quantiles of the

standard exponential distribution for a majority of the ob-

servations. Put together, the QQ plots suggest that the un-

restricted model appropriately captures the default cluster-

ing in the data. These findings provide evidence against

Hypothesis 3. 

6. Implications for portfolio credit risk 

We study the implications of our results for the es-

timation of portfolio credit risk. To this end, we test

the ability of our model and its nested alternatives to

forecast clustered default risk out of sample. We use

Monte Carlo simulation to generate the conditional dis-

tribution of the number of defaults in the year ahead,

given a model fitted to the data available at the begin-
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Table 7 

Moments of binned event counts. 

This moments of the binned event counts P w 
i 

for bin sizes w ∈ {2, 4, 6, 8, 10} for each alter- 

native model. We also report the moments of the theoretical Poisson distributions with rate 

w . 

w = 2 

Observations Mean Variance Skewness Kurtosis 

Theoretical 2.0 0 0 2.0 0 0 0.707 3.500 

Base model 727 1.997 2.617 1.134 6.161 

Base + contagion model 729 1.992 1.585 0.565 3.268 

Base + frailty model 775 1.874 1.302 0.613 3.606 

Complete model 730 1.989 1.597 0.611 3.206 

w = 4 

Observations Mean Variance Skewness Kurtosis 

Theoretical 4.0 0 0 4.0 0 0 0.500 3.250 

Base model 364 3.989 6.997 0.846 4.581 

Base + contagion model 365 3.978 3.247 0.391 2.989 

Base + frailty model 388 3.742 2.466 0.393 2.999 

Complete model 365 3.978 3.527 0.592 3.301 

w = 6 

Observations Mean Variance Skewness Kurtosis 

Theoretical 6.0 0 0 6.0 0 0 0.408 3.167 

Base model 243 5.975 13.983 0.800 4.274 

Base + contagion model 243 5.975 5.371 0.343 2.854 

Base + frailty model 259 5.606 3.720 0.309 3.203 

Complete model 244 5.951 5.586 0.232 2.690 

w = 8 

Observations Mean Variance Skewness Kurtosis 

Theoretical 8.0 0 0 8.0 0 0 0.354 3.125 

Base model 182 7.978 21.900 0.570 3.618 

Base + contagion model 183 7.934 7.655 0.206 3.055 

Base + frailty model 194 7.485 4.987 0.069 2.572 

Complete model 183 7.934 7.633 0.236 2.488 

w = 10 

Observations Mean Variance Skewness Kurtosis 

Theoretical 10.0 0 0 10.0 0 0 0.316 3.100 

Base model 146 9.945 33.087 0.502 3.353 

Base + contagion model 146 9.945 9.431 0.095 3.093 

Base + frailty model 155 9.368 6.104 0.168 2.876 

Complete model 146 9.945 9.680 0.130 2.549 
ning of the year. We then run a series of forecast accu- 

racy tests. Our approach, detailed in Internet Appendix C, 

eliminates the need to simulate the paths of the frailty 

variable during the forecast period. It is computationally 

efficient. 

The validity of Hypothesis 2 tells us that the unre- 

stricted model should outperform all nested model alter- 

natives in predicting clusters of defaults out of sample. 

Moreover, the rejection of Hypothesis 3 suggests that the 

unrestricted model, which allows for only an insignificant 

degree of unexplained excess clustering, should generate 

forecasts of clustered default risk that are matched by the 

data. It should only be rejected by few forecast accuracy 

tests. In contrast, the validity of Hypothesis 1 implies that 

the nested models that control only for the influence of 

systematic factors (observable or latent) should generate 

biased forecasts of clustered default risk out of sample. 

These nested model alternatives should be rejected by our 

forecast accuracy tests. 
Fig. 11 contrasts the forecast distribution with the re- 

alized number of defaults, for each year between 1991 

and 2012, and for each alternative model. The base model, 

which only considers observable systematic factors, lags 

default clusters. It fails to predict the clusters associated 

with the burst of the dotcom bubble and the financial cri- 

sis. The model including frailty but ignoring contagion per- 

forms better at predicting these clustering episodes. How- 

ever, it generates forecast distributions with excessively 

heavy tails. Moreover, the means of the forecast distribu- 

tions show very little variation through the test period. 

Thus, if the mean were used as a point forecast, then the 

forecast would change little every year, despite the signifi- 

cant variation of observed default rates. The model that in- 

cludes the contagion channel but ignores frailty generates 

much more concentrated forecast distributions. The fore- 

cast mean matches the realized number of defaults quite 

well. The unrestricted model performs better still, produc- 
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Fig. 10. QQ plots. 

This figure compares the quantiles of observed time-scaled binned defaults events P w 
i 

for w ∈ {2, 4, 6, 8, 10}, as well as the quantiles of observed time- 

scaled inter-default times τn = 

∫ T n 
T n −1 

h s d s, to the corresponding theoretical quantiles under the null hypothesis of correct specification of the unrestricted 

model. Under this null hypothesis, Proposition 1 in Appendix B implies that P w 
i 

are i.i.d. samples of the Poisson distribution with rate w , and τ n are i.i.d. 

samples of the standard exponential distribution. Confidence bands are computed via bootstrap with 10 5 bootstrap samples. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ing forecast distributions with lower variance during the

first third of the test period. 

To test forecast accuracy, we consider the 99% value at

risk (VaR) of the forecast distribution, a standard measure

of portfolio credit risk. For a given model, we evaluate the

sequence of hit indicators associated with violations of the

VaR in different periods. Under the null, these indicators

are independent draws from a Bernoulli distribution with

success probability (1 − −0 . 99) = 0 . 01 . Table 9 reports the

violation rates and the p -values of several independence

and Bernoulli distribution tests. The base model is rejected

by these tests due its sluggishness. The model including

the contagion channel but ignoring frailty is rejected be-

cause its VaR forecasts are too low. 

The tests of the hit indicators may unduly favor the

frailty model because it generates forecast distributions

with excessively heavy tails and VaR forecasts that are ex-

cessively large. If one were to estimate risk capital accord-

ing to the VaR, one would end up holding too much capi-

tal relative to the actual risk. While one would be covered

in most situations, scarce risk capital would be wasted. To

address this issue, we consider the mean relative bias and
the root mean square relative bias of the VaR forecasts (see

Hendricks, 1996 ). The former is the percentage deviation of

a forecast from the average forecast of all models, averaged

over all forecast periods. The latter accounts for the stan-

dard deviation of the former. The outcomes of these mea-

sures, reported in Table 9 , indicate that the frailty model

indeed tends to overstate the VaR and produce the largest

forecast volatility. The unrestricted model generates VaR

forecasts with the least amount of bias and volatility. 

All things considered, our out-of-sample analysis cor-

roborates the results of our hypotheses tests. We find that

a model that captures default clustering caused by firms’

joint exposure to observable and latent systematic factors,

as well as contagion, provides balanced and accurate out-

of-sample forecasts of correlated default risk. Extending

the results of Das et al. (2007) , Duffie et al. (2009) , and

Lando and Nielsen (2010) , our findings indicate that failure

to control for both latent factors, as well as contagion, in-

troduces bias into forecasts of portfolio credit risk. A model

that ignores the contagion channel tends to significantly

overstate correlated default risk, while a model that ig-
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Fig. 11. Out-of-sample forecast distribution of the number of defaults in the year ahead. 

The plot shows the Gaussian kernel-smoothed forecast distributions, with a horizontal line indicating the mean. The dot indicates the realized number of 

defaults. The forecast distributions are computed via Monte Carlo simulation as described in Internet Appendix C. 

Table 8 

Likelihood ratio tests. 

This table reports likelihood ratio test statistics, p -values, and degrees of freedom for the 

corresponding asymptotic distributions. A likelihood ratio test evaluates the fit of an alter- 

native model relative to a nested benchmark model. The test statistic is given by twice 

the difference between the maximum log-likelihood of the alternative model and the 

benchmark model. The log-likelihood values are reported in Table 4 . The test statistic has, 

asymptotically, a chi-squared distribution with degrees of freedom equal to the number 

of additional parameters included in the alternative. ∗∗∗ indicates significance at the 99.9% 

level. 

Benchmark model Base Base Base Base + frailty 

Alternative model Base + contagion Base + frailty Complete Complete 

Test statistic 320.18 299.60 320.34 14.10 

Degrees of freedom 2 3 5 2 

p -value ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.001 
nores firms’ exposure to latent systematic factors tends to 

significantly understate it. 13 

7. Pricing implications 

We examine the implications of our results for the pric- 

ing of clustered default risk in corporate credit markets. 
13 We attribute the underperformance of the model that ignores frailty 

to the underdispersion for small bin sizes detected by our time-scaling 

tests; see Tables 6 and 7 . Underdispersion is a sign of positive correla- 

tion between model-implied inter-default times (see Winkelmann, 1995 ). 

Therefore, underdispersion for small bin sizes suggests that long model- 

implied inter-default times tend to be followed by long model-implied 

inter-default times, leading to an underestimation of clustered default 

risk. 

 

Jorion and Zhang (2007) empirically document spillovers 

of bankruptcies on intra-industry CDS spreads. Berndt et al. 

(2010) calibrate to bond prices a model of clustered de- 

fault risk that allows for contagion. They find that the 

default of one firm can have a sizable impact on credit 

spreads of other firms. These papers provide important 

evidence of contagion effects under the pricing measure. 

A theoretical explanation for the findings of Jorion and 

Zhang (2007) and Berndt et al. (2010) is provided by Bai 

et al. (2015) . These authors study production-based gen- 

eral equilibria for large economies and show that in the 

presence of a contagion channel, exposure to contagion de- 

mands a large risk premium. Our results empirically sup- 

port the model of Bai et al. (2015) . We find evidence of a

contagion channel under the physical probability measure. 
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Table 9 

Out-of-sample forecast accuracy tests. 

The table reports p -values of various tests of forecast accuracy and other measures of accuracy. The 

violation rate indicates the number of times that the realized number of defaults in a given year 

exceeds the forecast value-at-risk. The null hypothesis of the unconditional coverage test of Kupiec 

(1995) is that the violation rate does not exceed 1%. The null hypothesis of the independence test 

of Christoffersen (1998) is that a binary first-order Markov chain for the hit indicators has transi- 

tion matrix given by the identity matrix. The asymptotic distribution of these tests is chi-squared 

with one degree of freedom. The Markov test combines the coverage and independence tests. It 

takes the null of the coverage test and the alternative of the independence test (see Christoffersen, 

1998 ). The asymptotic distribution of this test is chi-squared with two degrees of freedom. The null 

hypothesis of the dynamic quantile test due to Engle and Manganelli (2004) is that there is no 

correlation between the hit indicators and the number of defaults per year. The asymptotic distri- 

bution is chi-squared with three degrees of freedom. Finally, the mean relative bias is the average 

relative difference of the value-at-risk predicted by each model, compared to the average prediction 

of all models. The root mean squared relative bias is the standard deviation of the latter. ∗ indicates 

rejection with 95% confidence, ∗∗∗ indicates rejection with 99% confidence, and ∗∗∗ rejection with 

99.9% confidence. 

Model Base Base + frailty Base + contagion Complete 

Violation rate 5/22 0/22 2/22 1/22 

Unconditional coverage test ∗∗∗ 0.0 0 0 0.506 ∗ 0.020 0.221 

Independence test 0.951 1.0 0 0 0.107 0.752 

Markov test ∗∗∗ 0.0 0 0 0.802 ∗ 0.018 0.450 

Dynamic Quantile Test ∗ 0.020 1.0 0 0 0.318 0.972 

Mean relative bias −11 . 98% 26.44% −8 . 13% −6 . 32% 

Root mean squared relative bias 17.31% 33.30% 14.37% 13.77% 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We empirically validate the findings of Bai et al. (2015) .

We run random coefficient panel regressions of changes

in corporate bond spreads on changes in the different

components of our model: a factor e a 0 + 
∑ d 

i =1 a i X i,t that cap-

tures exposure to observable systematic factors, a filtered

frailty factor E t [ Z t ] that captures exposure to latent sys-

tematic factors, and a factor Y t that captures exposure

to the contagion channel. If exposure to contagion risk

indeed demands a large risk premium, we should see

significantly positive regression coefficients on our conta-

gion factor. This should hold even when we control for

the component of credit spreads that is attributed to de-

fault probabilities. Recent evidence by Hilscher and Wil-

son (2017) suggests that high-yield bonds carry higher

risk premiums during periods of high default probabili-

ties. Based on this evidence and the fact that the conta-

gion factor spikes up during periods of default clustering

(see Fig. 9 ), we expect that changes in the contagion fac-

tor Y t will be particularly important for explaining credit

spreads changes of high-yield bonds. We should see sig-

nificant variation across rating classes in the sensitivity of

credit spread changes to changes in our contagion factor. 

Table 10 reports the results of the regressions, in which

we also include a series of control variables as well as a

nonparametric measure of the default rate that serves as

a control for default probabilities. 14 We find that, on av-

erage, changes in US corporate bond spreads react signif-

icantly and positively to changes in our contagion factor.

Across rating classes, we see that the coefficients on the

contagion factor are positive whenever they are significant.
14 We construct a weekly nonparametric measure of the default rate by 

measuring the ratio of days within a week for which at least one default 

observation is recorded in our data. 

 

 

 

 

Consistent with Hilscher and Wilson (2017) , we find that

changes in our contagion factor explain a significant frac-

tion of the variation of credit spreads of some high-yield

bonds. An F -test of whether the sensitivity to changes in

our contagion factor is constant across rating classes has

a p -value of 0.073, suggesting that there is some variation

across rating classes. The results of the regressions provide

empirical support for the findings of Bai et al. (2015) . 

Next, we analyze the pricing of clustered default risk

in collateralized debt obligation (CDO) markets. Coval et al.

(2009) study CDO tranches referenced on the CDX North

American Investment Grade Index between 2004 and 2007.

They find that those CDO tranches were significantly over-

priced, suggesting investors received little compensation

for bearing clustered default risk. Collin-Dufresne et al.

(2012) , however, fitting an extension of the model of

Coval et al. (2009) with catastrophic systematic jumps to

CDX term structure data, cannot find evidence of overpric-

ing. Using a different modeling approach, Azizpour et al.

(2011) consider tranches referenced on both the Invest-

ment Grade and High Yield CDX Indices and document

substantial risk premiums. 

Going beyond these papers, our approach enables us to

analyze the compensation CDX investors receive for bear-

ing exposure to different components of clustered default

risk. We regress changes in CDX index and tranche spreads

on changes in the different components of the unrestricted

model as well as relevant control variables. Consistent with

the evidence in favor of Hypotheses 2 and 3, we should

see significantly positive regression coefficients on some of

these factors after controlling for aggregate default proba-

bilities if clustered default risk is priced and carries a risk

premium. Given that Collin-Dufresne et al. (2012) require

catastrophic market jumps to match senior CDX tranche
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Table 10 

Random coefficient panel regressions of weekly changes in corporate credit spreads on weekly changes of our three default 

clustering factors. We run these regression within each rating class, as well as on average across rating classes. “Macro” stands 

for the factor e a 0 + 
∑ d 

i =1 a i X i,t , “Contagion” stands for the factor Y t , and “Frailty” stands for the filtered frailty E t [ Z t ] . We use the 

parameter estimates of Table 4 to construct the time series of the contagion, frailty, and macro factors. We include a series of 

control variates taken from Collin-Dufresne et al. (2001) . “Level” denotes the ten-year Treasury contant maturity rate, while 

“Slope” denotes the difference between the ten-year and the two-year Treasury constant maturity rates. “Leverage” stands 

for the average leverage ratio in a rating class, where we rate US firms according to their S&P Domestic Long Term Issuer 

Credit Rating (Compustat item SPLTICRM). Leverage ratios are computed as in Collin-Dufresne et al. (2001) . We also control 

for changes in a nonparametric measure of the aggregate default rate computed as the ratio of days of a week with at least 

one default observation in our data sample. Weekly changes are measured from Wednesday to Wednesday. Standard errors 

are computed following Swamy (1970) . · indicates significance at the 90% level, ∗ indicates significance at the 95% level, ∗∗

significance at the 99% level, and ∗∗∗ significance at the 99.9% level. 

Average AAA AA A BBB BB B 

Constant 0.167 ∗∗∗ 1.002 0.001 0.001 0.0 0 0 0.002 −0 . 004 

(0.167) (0.002) (0.003) (0.003) (0.003) (0.006) (0.008) 

Default rate ∗ 0.033 0.013 0.022 0.007 ∗ 0.039 0.022 · 0.095 

(0.013) (0.013) (0.016) (0.017) (0.020) (0.037) (0.050) 

Macro ∗∗ 0.018 ∗∗∗ 0.011 ∗∗ 0.010 ∗∗ 0.009 ∗∗ 0.011 ∗ 0.015 ∗∗∗ 0.049 

(0.006) (0.003) (0.004) (0.003) (0.004) (0.007) (0.010) 

Contagion ∗∗ 0.003 0.0 0 0 0.002 · 0.003 ∗ 0.004 ∗ 0.007 0.001 

(0.001) (0.001) (0.001) (0.001) (0.002) (0.003) (0.004) 

Frailty 0.033 −0 . 155 −0 . 318 −0 . 285 −0 . 107 0.248 0.838 

(0.180) (0.196) (0.240) (0.256) (0.291) (0.545) (0.751) 

Leverage · 6.086 −0 . 109 ∗∗ −1 . 851 2.110 ∗∗ 3.901 ∗∗∗ 14.117 ∗∗∗ 19.235 

(3.460) (0.177) (0.682) (1.305) (1.241) (1.624) (1.687) 

S&P 500 −0 . 259 ∗∗ −0 . 447 ∗∗∗ −0 . 800 −0 . 209 −0 . 283 0.570 −0 . 254 

(0.184) (0.138) (0.191) (0.269) (0.303) (0.523) (0.663) 

VIX ∗∗∗ 0.003 0.001 ∗ 0.003 ∗∗ 0.005 0.002 0.004 0.002 

(0.001) (0.001) (0.001) (0.002) (0.002) (0.003) (0.004) 

Level ∗ −0 . 339 ∗∗∗ −0 . 072 ∗∗∗ −0 . 091 ∗∗ −0 . 084 ∗∗∗ −0 . 137 ∗∗∗ −0 . 632 ∗∗∗ −1 . 029 

(0.163) (0.020) (0.024) (0.026) (0.030) (0.056) (0.077) 

Slope ∗ 0.206 ∗ 0.070 ∗∗ 0.092 ∗ 0.085 ∗ 0.101 ∗∗∗ 0.305 ∗∗∗ 0.587 

(0.084) (0.028) (0.034) (0.036) (0.041) (0.077) (0.107) 

R 2 0.042 0.109 0.172 0.157 0.184 0.429 0.527 

Number of obs. 783 783 783 783 783 783 783 

Start date 1997-01-02 1997-01-02 1997-01-02 1997-01-02 1997-01-02 1997-01-02 1997-01-02 

End date 2012-12-20 2012-12-20 2012-12-20 2012-12-20 2012-12-20 2012-12-20 2012-12-20 
spreads, and given that Fig. 9 shows that the contagion 

factor spikes up during periods of default clustering, we 

expect to see that changes in the contagion factor Y t are 

particularly important for explaining changes in senior CDX 

tranche spreads. 

Table 11 shows the results of ordinary least squares re- 

gression for the five-year and ten-year investment-grade 

CDX index spreads, and of random coefficient panel re- 

gressions for the five-year investment-grade CDX tranche 

spreads. We find that a part of the CDX index spread 

changes can be explained by changes in the exposure to 

observable systematic factors. 15 We also see that, on av- 

erage, CDX tranche spreads react significantly and posi- 

tively to changes in the contagion factor. Changes in the 

spreads of some senior CDX tranches tend to be sensitive 

to changes in the contagion factor. This observation is val- 

idated by a Z -test of whether the sensitivity to changes of 

in our contagion factor is higher for senior CDX tranches 

(capturing more than 3% of the losses) than for junior CDX 

tranches (capturing up to 3% of the losses). Such a Z -test 

has a p -value of 0.026. We cannot attribute any spread 
15 We attribute the insignificance of changes in the macro factor in the 

regression of changes in the five-year CDX index to the short data time 

span. 
changes to latent systematic factors as measured by the fil- 

tered frailty. 

Consistent with Azizpour et al. (2011) and Collin- 

Dufresne et al. (2012) , our results indicate that CDX in- 

vestors indeed require risk premiums for bearing clus- 

tered default risk. Extending Collin-Dufresne et al. (2012) , 

we show that part of the risk premiums for senior CDX 

tranches can be attributed to contagion risk. Overall, the 

results of this section suggest that the pricing of clustered 

default risk is nuanced; different clustering sources give 

rise to risk premiums that differ across markets, rating 

classes, and seniority. 

8. Robustness checks 

8.1. Firm-specific variables 

The literature has identified several firm-specific risk 

factors that are significant predictors of corporate default 

probabilities; see Das et al. (2007) and Lando and Nielsen 

(2010) , and the references therein. These factors include 

firm size, firm stock returns and volatilities, as well as dis- 

tance to default (a volatility-adjusted measure of leverage). 

One could argue that our results might be biased because 

we do not control for the influence of firm-specific risk fac- 

tors. If variations in the cross-section of firm-specific risk 
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Table 11 

Regressions of weekly changes in CDX index and tranche spreads for different rating classes on weekly changes of our three 

default clustering factors. We run ordinary least squares regressions for the five-year and ten-year CDX indexes, and random 

coefficient panel regressions for CDX tranches. For the ten-year horizon we employ the Markit North America Investment Grade 

index (Bloomberg item IBOXUMAJ). For the five-year horizon we employ the five-year Dow Jones North American Investment 

Grade index (Bloomberg item DJCDXNI). “Macro” stands for the factor e a 0 + 
∑ d 

i =1 a i X i,t , “Contagion” stands for the factor Y t , and 

“Frailty” stands for the filtered frailty E t [ Z t ] . We include several control variates from Coval et al. (2009) . We use the yield on 

the three-month Treasury bill as a proxy for the risk-free rate. “Swap” denotes the five-year swap rate. “Bid ask” is the bid-ask 

spread of the corresponding security. We also control for a nonparametric measure of the aggregate default rate computed as the 

ratio of days of a week with at least one default observation in our data sample. Weekly changes are measured from Wednesday 

to Wednesday. · indicates significance at the 90% level, ∗ indicates significance at the 95% level, ∗∗ significance at the 99% level, 

and ∗∗∗ significance at the 99.9% level. 

10-year 5-year Tranches on 5-year CDX 

CDX CDX Average 0%–3% 3%–7% 7%–10% 10%–15% 

Constant 0.001 · 0.004 ∗ 0.008 0.003 0.018 0.007 0.004 

(0.004) (0.002) (0.004) (0.002) (0.013) (0.005) (0.002) 

Default rate 0.030 0.018 0.019 0.016 0.071 −0 . 014 0.003 

(0.024) (0.017) (0.018) (0.015) (0.092) (0.035) (0.017) 

Macro ∗ 0.016 −0 . 007 ∗ −0 . 014 · −0 . 009 −0 . 030 −0 . 015 −0 . 004 

(0.007) (0.005) (0.006) (0.005) (0.029) (0.011) (0.005) 

Contagion 0.0 0 0 0.001 · 0.004 0.001 · 0.012 · 0.004 0.002 

(0.002) (0.001) (0.002) (0.001) (0.007) (0.002) (0.001) 

Frailty 0.084 −0 . 124 −0 . 118 −0 . 038 −0 . 025 −0 . 428 −0 . 043 

(0.350) (0.222) (0.098) (0.194) (1.231) (0.462) (0.223) 

Risk-free rate ∗∗∗ −0 . 120 ∗ −0 . 089 · −0 . 151 −0 . 048 · −0 . 406 −0 . 127 −0 . 049 

(0.024) (0.043) (0.085) (0.038) (0.238) (0.089) (0.043) 

S&P 500 ∗∗∗ −1 . 014 −0 . 448 ∗ −1 . 760 · −0 . 455 ∗∗ −4 . 156 ∗∗ −1 . 879 ∗∗ −0 . 877 

(0.277) (0.281) (0.827) (0.245) (1.554) (0.579) (0.280) 

VIX ∗∗∗ 0.009 0.004 0.001 0.003 0.006 −0 . 004 −0 . 001 

(0.002) (0.002) (0.002) (0.002) (0.014) (0.005) (0.002) 

Swap −0 . 008 −0 . 007 ∗∗ −0 . 048 −0 . 014 −0 . 083 −0 . 064 −0 . 038 

(0.027) (0.022) (0.015) (0.019) (0.123) (0.046) (0.022) 

Bid ask ∗∗∗ 0.010 ∗∗ 1.087 ∗∗ 0.459 ∗∗∗ 2.070 ∗∗ 1.373 ∗∗ 0.632 

(0.003) (0.370) (0.154) (0.623) (0.447) (0.216) 

R 2 0.409 0.338 0.201 0.295 0.315 0.304 0.314 

Number of obs. 289 132 132 132 132 132 132 

Start date 2003-10-30 2004-08-05 2004-08-05 2004-08-05 2004-08-05 2004-08-05 2004-08-05 

End date 2011-03-24 2007-07-26 2007-07-26 2007-07-26 2007-07-26 2007-07-26 2007-07-26 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

factors contain information about systematic default risks

that are not captured by the systematic risk factors we in-

clude in our model (see Table 1 ), then firm-specific risk

factors may be important for default clustering. To show

that this is not the case, we test whether the cross-section

of omitted firm-specific default risk factors contains infor-

mation not captured by our systematic variables. 

For the companies in our default data set, we construct

monthly time series of cross-sectional averages of signifi-

cant firm-specific default risk factors. 16 Table 12 provides

summary statistics. The firm-specific variables we consider

are the quick ratio (QUICK), 17 ratio of short term debt

to total debt (SD), total liabilities (TL), distance to default

(DTD), log book asset value (LBA), net income to total as-

sets ratio (NITA), total liabilities to total assets ratio (TLTA),

log relative market capitalization with respect to the to-

tal market capitalization of all NYSE/Nasdaq/Amex listed

firms (RSIZE), one-year trailing stock return (RET), and

the realized standard deviation of monthly returns over
16 Proposition 1 of Duffie (1998) implies that the only relevant firm- 

specific data for modeling the conditional default rate in our sample are 

the cross-sectional averages of firm-specific default risk factors after cen- 

soring defaulted firms. 
17 The quick ratio is the ratio of a firm’s cash, short-term investments, 

and total receivables over its current liabilities. 

 

 

 

 

 

rolling horizons of 12 months (VOL). Next, we regress the

cross-sectional averages on our macroeconomic variables.

Table 13 gives a summary of the regression results. We

see that our macroeconomic variables can capture at least

52% of the monthly variation of cross-sectional averages of

firm-specific default risk factors. Surprisingly, our macroe-

conomic variables capture 71% of the monthly fluctuations

of average distance to default in our data set. Duffie et al.

(20 07, 20 09) , Lando and Nielsen (2010) , and many others

find that distance to default is the most economically and

statistically significant determinant of US corporate default

probabilities. Yet, our regression analysis states that the

cross-sectional average of distance to default is almost per-

fectly spanned by our macroeconomic variables. 

Next we regress the frailty and self-exciting terms of

the intensity ( Y t + Z t ) on the residuals of the regressions

in Table 13 . We find that the residuals can only explain

about 22% of the variation of Y t + Z t estimated for the

complete model over the sample period. We conclude that

while firm-specific default risk factors may contain signifi-

cant information about idiosyncratic default risk, they only

contain little information about systematic default risk not

captured by our macroeconomic variables. Thus, the ab-

sence of firm-specific variables in our model is unlikely to

bias our results. 
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Table 12 

Summary statistics of firm-specific default risk factors. 

This table provides summary statistics for the time series of firm-specific default risk factors. Except for distance to default, we construct time series from 

accounting and stock market data from the joint Compustat/CRSP database quarterly file when available, and otherwise from the annually file. If we were 

to construct our own distance to default time series using Compustat/CRSP data, we would have to neglect about two-thirds of our default events due 

to data unavailability. To circumvent this issue, we obtain distance to default data from the Credit Research Initiative (CRI) at the National University of 

Singapore, which is only available starting in the year 1991. The moments and quantiles are computed from the cross-section of firms in our default data 

set with available data on CRSP/Compustat/CRI. We exclude the 5% cross-sectional extreme values to ensure continuity of our time series. 

Variable Sample frequency Mean Standard Skewness Kurtosis Min. First Median Third Max. Number of obs. 

deviation quartile quartile across firms 

QUICK Monthly 0.92 0.58 0.84 3.55 0.00 0.50 0.84 1.23 2.89 95739 

SD Monthly 0.18 0.23 1.66 5.06 0.00 0.02 0.09 0.25 0.96 101739 

TL Monthly 628.71 951.41 2.63 10.50 0.00 75.20 260.65 708.35 5851.77 106048 

DTD Monthly 3.16 2.27 0.72 3.76 −2 . 20 1.50 2.99 4.43 13.06 8751 

LBA Monthly 4.68 1.58 −0 . 04 2.47 1.00 3.56 4.72 5.81 8.51 83906 

NITA Monthly 0.00 0.03 −2 . 03 9.89 −0 . 20 −0 . 01 0.00 0.02 0.08 106590 

TLTA Monthly 0.72 0.26 0.28 3.20 0.00 0.54 0.70 0.89 1.52 106036 

RSIZE Monthly −10 . 05 2.69 −1 . 27 4.74 −19 . 74 −11 . 13 −9 . 52 −8 . 27 −5 . 64 80636 

RET Monthly −1 . 10 5.62 −1 . 19 5.10 −24 . 23 −3 . 39 0.00 2.36 10.44 75531 

VOL Monthly 16.26 10.76 1.68 5.95 0.00 9.18 13.15 19.71 60.76 75529 

Table 13 

Coefficient estimates and standard errors of ordinary least squares regressions of firm specific default risk factors. 

This table presents the results of ordinary least squares regressions of the cross-sectional averages of key firm-specific default risk factors on our macroe- 

conomic variables. We censor firms from the cross-sectional averages after a default. ∗ indicates significance at the 95% level, ∗∗ significance at the 99% 

level, and ∗∗∗ significance at the 99.9% level. 

Variable QUICK SD TL DTD LBA NITA TLTA RSIZE RET VOL 

Constant ∗ 0.021 0.018 0.008 ∗ 0.004 0.002 0.016 0.014 −0 . 004 0.003 0.001 

(0.010) (0.011) (0.011) (0.002) (0.009) (0.011) (0.011) (0.006) (0.006) (0.006) 

IP −0 . 001 −0 . 001 −0 . 001 0.0 0 0 −0 . 0 0 0 −0 . 001 −0 . 001 0.0 0 0 0.0 0 0 0.0 0 0 

(0.0 0 0) (0.001) (0.001) (0.0 0 0) (0.0 0 0) (0.001) (0.001) (0.0 0 0) (0.0 0 0) (0.0 0 0) 

GDP ∗ −0 . 001 ∗∗ −0 . 001 ∗ −0 . 001 ∗∗ 0.0 0 0 −0 . 001 ∗∗∗ −0 . 002 ∗∗ −0 . 001 0.0 0 0 0.0 0 0 0.0 0 0 

(0.0 0 0) (0.0 0 0) (0.001) (0.0 0 0) (0.0 0 0) (0.001) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) 

RET 0.0 0 0 0.0 0 0 0.0 0 0 ∗∗∗ 0.0 0 0 0.0 0 0 0.0 0 0 0 0.0 0 0 0 0.0 0 0 0 0.0 0 0 0.0 0 0 

(0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) 

VOL ∗∗ 0.001 ∗∗ 0.001 ∗∗∗ 0.001 ∗∗∗ 0.0 0 0 ∗∗∗ 0.001 ∗∗∗ 0.001 ∗∗∗ 0.001 ∗∗∗ 0.001 ∗∗∗ 0.0 0 0 ∗∗ 0.0 0 0 

(0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) (0.0 0 0) 

LEVEL −0 . 001 −0 . 003 −0 . 002 −0 . 001 −0 . 004 −0 . 003 −0 . 002 −0 . 003 −0 . 003 −0 . 003 

(0.004) (0.005) (0.005) (0.001) (0.004) (0.005) (0.005) (0.003) (0.003) (0.003) 

SLOPE 0.007 ∗ 0.011 0.008 ∗∗∗ 0.003 ∗ 0.010 0.009 0.009 ∗ 0.007 ∗ 0.007 ∗ 0.007 

(0.005) (0.005) (0.006) (0.001) (0.004) (0.006) (0.006) (0.003) (0.003) (0.003) 

10Y ∗∗∗ −0 . 025 ∗∗∗ −0 . 029 ∗∗∗ −0 . 029 0.0 0 0 ∗∗∗ −0 . 016 ∗∗∗ −0 . 030 ∗∗∗ −0 . 030 ∗∗ −0 . 010 ∗∗ −0 . 008 ∗∗ −0 . 009 

(0.005) (0.006) (0.006) (0.001) (0.004) (0.006) (0.006) (0.003) (0.003) (0.003) 

CRED ∗∗∗ −0 . 060 ∗∗∗ −0 . 064 ∗∗∗ −0 . 068 ∗∗∗ −0 . 002 ∗∗∗ −0 . 048 ∗∗∗ −0 . 071 ∗∗∗ −0 . 067 ∗∗∗ −0 . 033 ∗∗∗ −0 . 031 ∗∗∗ −0 . 031 

(0.004) (0.005) (0.005) (0.001) (0.004) (0.005) (0.005) (0.003) (0.003) (0.003) 

AAA ∗∗∗ 0.044 ∗∗∗ 0.051 ∗∗∗ 0.051 ∗∗∗ 0.002 ∗∗∗ 0.037 ∗∗∗ 0.054 ∗∗∗ 0.052 ∗∗∗ 0.027 ∗∗∗ 0.023 ∗∗∗ 0.025 

(0.005) (0.005) (0.005) (0.001) (0.004) (0.005) (0.005) (0.003) (0.003) (0.003) 

REC ∗∗∗ −0 . 022 ∗∗∗ −0 . 026 ∗∗∗ −0 . 025 ∗ 0.002 ∗∗∗ −0 . 016 ∗∗∗ −0 . 026 ∗∗∗ −0 . 026 ∗∗ −0 . 008 ∗ −0 . 007 ∗ −0 . 006 

(0.005) (0.005) (0.005) (0.001) (0.004) (0.005) (0.005) (0.003) (0.003) (0.003) 

Adjusted R 2 0.516 0.522 0.550 0.705 0.602 0.536 0.539 0.656 0.652 0.660 

Data points 516 516 516 264 516 516 516 516 516 516 
8.2. Economy-wide versus firm-level default rates 

Rather than modeling firm-by-firm default rates, our 

analysis focuses on the economy-wide default rate that 

describes events in the pool of Moody’s rated issuers. To 

show that this approach is appropriate for measuring cor- 

related default risk and does not bias our results, we com- 

pare the goodness-of-fit of our simple base model to the 

goodness-of-fit of the leading firm-by-firm reduced-form 

models of Das et al. (2007) and Lando and Nielsen (2010) . 

Das et al. (2007) study 495 US non-financial default events 

during the time period January 1979 to October 2004. A 

firm’s default intensity depends on the distance to default, 

the firm’s trailing one-year stock return, the three-month 
Treasury bill rate, and the one-year trailing return of the 

S&P 500 index. Lando and Nielsen (2010) analyze 370 US 

nonfinancial default events between January 1982 and De- 

cember 2005. A firm’s default intensity depends on the 

one-year return on the S&P 500 index, the three-month US 

Treasury rate, one-year percentage change in US industrial 

production, the spread between the ten-year and one-year 

Treasury rate, a firm’s one-year equity return, one-year 

distance-to-default, quick ratio, ratio of short-term debt to 

total debt, and log book value. 

Although our base model does not include firm-specific 

factors, it fits the data at least as well as the firm-by-firm 

models of Das et al. (2007) and Lando and Nielsen (2010) . 

To show this, we reestimate our base model from a sub- 
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Table 14 

Comparison to Lando and Nielsen (2010) . p -values of Poisson distribution tests for 

the base model and Models I and II of Lando and Nielsen (2010) . We compute tests 

statistics and p -values as indicated in Lando and Nielsen (2010) after fitting the 

base model to the data subsample that mirrors the data used by Lando and Nielsen 

(2010) . We copy p -values for Models I and II from Table 4 of Lando and Nielsen 

(2010) . The number of samples for the base model are as follows (ordered by in- 

creasing bin size): 407, 204, 136, 102, 82. ∗ indicates rejection with 95% confidence, 
∗∗ rejection with 99% confidence, and ∗∗∗ rejection with 99.9% confidence. 

Fisher dispersion test Serial correlation test 1 

w Base Model I Model II w Base Model I Model II 

2 0.981 0.110 0.324 2 0.324 ∗ 0.047 0.289 

4 0.775 ∗ 0.021 0.377 4 0.059 ∗ 0.011 0.392 

6 0.278 ∗ 0.013 0.406 6 ∗ 0.022 ∗∗ 0.004 0.722 

8 0.111 ∗∗ 0.002 0.113 8 ∗∗ 0.010 ∗∗ 0.003 0.170 

10 ∗ 0.038 ∗∗ 0.004 ∗ 0.037 10 ∗∗ 0.008 ∗∗ 0.002 0.177 

Upper tail test (mean) Upper tail test (median) 

w Base Model I Model II w Base Model I Model II 

2 0.891 0.476 0.428 2 1.0 0 0 1.0 0 0 0.728 

4 0.523 0.211 0.447 4 0.275 0.972 0.972 

6 0.268 0.062 0.501 6 ∗ 0.031 0.136 0.734 

8 0.138 ∗ 0.012 0.233 8 0.369 0.260 0.257 

10 0.224 ∗ 0.013 0.120 10 0.555 ∗ 0.025 0.566 

Potthoff-Whittinghill-Bohning test Kocherlakota-Kocherlakota test 

w Base Model I Model II w Base Model I Model II 

2 ∗ 0.022 0.156 0.582 2 ∗ 0.023 0.152 0.558 

4 0.443 0.023 0.625 4 0.353 ∗ 0.028 0.768 

6 0.513 ∗ 0.012 0.696 6 0.656 ∗ 0.012 0.787 

8 0.189 ∗∗ 0.001 0.154 8 0.305 ∗∗ 0.002 0.192 

10 0.051 ∗∗ 0.004 0.051 10 0.071 ∗∗ 0.006 0.112 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sample of our data that mirrors the data sets used by Das

et al. (2007) and Lando and Nielsen (2010) . Using the same

time-change tests as these authors (see Section 5 above),

Table 14 indicates that our base model performs slightly

better than Model I and similarly to Model II of Lando and

Nielsen (2010) . Further, Table 15 indicates that our base

model slightly outperforms the model of Das et al. (2007) .

Thus, our base model of aggregate defaults performs as

well as alternative firm-by-firm models of defaults that

have been proposed in the literature. The choice of our

modeling approach does not bias our results. 

8.3. Financial firms 

Defaults of financial firms are special as they tend to be

relatively rare, significant, and surrounded by government

intervention. Among the 2001 distinct default events in

our data set, there are only 126 default events by financial

firms. The mean defaulted debt is $240 million, which is

larger than the mean defaulted debt for nonfinancial firms

($169 million). Further, all defaults of the type “Seized by

regulators” in our data set are by financial firms. Despite

the peculiarity of financial firm defaults, empirical evi-

dence on the impact of financial firm defaults on aggregate

default rates is sparse. Giesecke et al. (2014) find evidence

that, over the long term, the impact of financial default

crises on the real economy is far more severe than the im-

pact of nonfinancial default crises. This evidence is consis-

tent with the financial accelerator mechanism of Bernanke

et al. (1999) , which hypothesizes that distress of finan-
cial firms may amplify and propagate shocks to the real

economy. Still, Helwege (2010) argues that financial firm

distress may not significantly spread to the real economy

given that financial firms are able to endure large shocks

because they are well regulated and diversified. Further,

Helwege and Zhang (2016) provide empirical evidence in-

dicating that historically, financial firm defaults have only

triggered modest contagion effects. 

We test if our findings are sensitive to the exclusion of

financial firms. Table 16 provides the maximum likelihood

parameter estimates of the complete model and the three

nested alternatives after excluding financial firm defaults

from our data. We find that the parameter estimates are

essentially the same as those for all (financial and nonfi-

nancial) firms; compare with the estimates in Table 4 . We

conclude that the inclusion of financial firms is not a key

driver of our results. 

8.4. Days with multiple defaults 

Our data set includes days with multiple defaults.

For example, the default of Texas International Air on

9/24/1983 was accompanied by the defaults of the Texas

International Air Finance and Texas International Air Cap-

ital subsidiaries on the same date. The formulation of Eq.

(4) aggregates these defaults when modeling their impact

on the default intensity. Alternatively, we could treat each

default separately. For example, if there are J n defaults on

day T n , and u n j denotes the face value of defaulted debt of
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Table 15 

Comparison to Das et al. (2007) . 

Moments and p -values of different tests of the binned defaults P w 
i 

and times t w 
i 

for the base model and 

the model of Das et al. (2007) . We compute tests statistics and p -values as in Das et al. (2007) after 

fitting the base model to the data subsample that mirrors the data used by Das et al. (2007) . We copy 

the p -values from Section III of Das et al. (2007) . The number of samples are as follows (ordered by 

increasing bin size). Base model: 499, 250, 167, 125, 100. Das et al. (2007) : 230, 116, 77, 58, 46. Our 

samples are larger than the ones in Das et al. (2007) because we do not need to eliminate data points 

for which no data is available on the CRSP data set given that we do not include firm-specific variables. 
∗ indicates rejection with 95% confidence, ∗∗ rejection with 99% confidence, and ∗∗∗ rejection with 99.9% 

confidence. 

Panel A: Poisson distribution tests 

Fisher dispersion test Upper tail test (mean) Upper tail test (median) 

w Base DDKS w Base DDKS w Base DDKS 

2 0.982 ∗∗∗ 0.0 0 0 2 0.781 ∗∗∗ 0.0 0 0 2 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 

4 0.970 ∗∗∗ 0.001 4 0.728 ∗∗∗ 0.0 0 0 4 0.274 ∗∗∗ 0.0 0 0 

6 0.805 ∗∗∗ 0.0 0 0 6 0.636 ∗ 0.020 6 0.056 0.060 

8 0.447 ∗∗∗ 0.0 0 0 8 0.522 0.080 8 0.321 0.190 

10 0.243 ∗∗∗ 0.0 0 0 10 0.285 ∗∗∗ 0.0 0 0 10 0.630 ∗∗∗ 0.0 0 0 

Panel B: Distribution of P w 
i 

Mean Variance 

w Base DDKS Theory Base DDKS Theory 

2 2.00 2.12 2.00 1.89 2.92 2.00 

4 3.99 4.20 4.00 4.42 5.83 4.00 

6 5.97 6.25 6.00 6.94 10.37 6.00 

8 7.98 8.33 8.00 11.28 14.93 8.00 

10 9.97 10.39 10.00 15.63 20.07 10.00 

Skewness Kurtosis 

w Base DDKS Theory Base DDKS Theory 

2 0.76 1.30 0.71 3.62 6.20 3.50 

4 0.65 0.44 0.50 3.49 2.79 3.25 

6 0.47 0.62 0.41 3.08 3.16 3.17 

8 0.43 0.41 0.35 3.29 2.59 3.12 

10 0.48 0.02 0.32 3.49 2.24 3.10 

Panel C: Distribution of t w 
i 

Mean 

Base DDKS Theory 

Mean 1.00 0.95 1.00 

Variance 0.96 1.17 1.00 

Skewness 3.06 2.25 2.00 

Kurtosis 20.22 10.06 6.00 

Prahl’s test ∗∗ 0.005 ∗∗∗ 0.0 0 0 

KS test ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 

U

the j -th default on one such day, then we could set 

 n = 

J n ∑ 

j=1 

max 
{

0 , log u n j 

}
. (5) 

We have analyzed our models using this alternative 

convention; see Table 17 . The only affected models are 

those that include the contagion channel. We find that the 

signs, magnitudes, and statistical significance of the pa- 

rameter estimates of all models are similar to those re- 

ported in Table 4 , with few exceptions. The contagion sen- 

sitivity parameter b decreases by a factor of roughly 0.77. 

This is primarily driven by the fact that the average U n un- 

der the formulation of Eq. (5) is about 1.3 times higher 

than under the formulation of Eq. (4) . The estimated con- 
tagion decay parameter κ is similar under the formulations 

of Eq. (4) and (5) . However, the maximum log-likelihoods 

are much lower under the specification of Eq. (5) than 

under the specification of Eq. (4) . We conclude that Eq. 

(5) yields an inferior specification of contagion. 

8.5. Industry-specific contagion 

The formulations of Eqs. (4) and (5) do not distin- 

guish among defaults in different industries. However, in- 

dustry characteristics may be important determinants of 

the contagion effects induced by a default; see Hertzel 

et al. (2008) , Hertzel and Officer (2012) , Jorion and Zhang 

(2007) , Jorion and Zhang (2009) , and Lang and Stulz 

(1992) , among others. Omitted industry-specific contagion 
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Table 16 

Parameter estimates for each of the four model alternatives described in Table 3 after excluding defaults of 

financial firms. Under a financial firm default we understand any default by a firm in our data set with the 

Moody’s 11 Sector Code “banking” or “finance, insurance, real estate.” While unreported, the asymptotic stan- 

dard errors are computed using the Hessian matrix of the log-likelihood at the parameter estimates reported. 

“.” indicates significance at the 90% confidence level, “∗” indicates significance at the 95% level, “∗∗” significance 

at the 99% level, and “∗∗∗” significance at the 99.9% level. 

Complete Base Base + Contagion Base + Frailty 

Constant a 0 
∗ −1 . 8939 ∗∗∗ 0.9501 ∗∗ −1 . 7729 0.6876 

IP coefficient a 1 −0 . 0113 ∗∗∗ −0 . 0502 −0 . 0097 −0 . 0938 

GDP a 3 
∗∗ −0 . 1189 ∗∗∗ −0 . 1086 ∗∗∗ −0 . 1182 0.0403 

RET coefficient a 4 0.0015 ∗∗ −0 . 0050 0.0016 −0 . 0190 

VOL coefficient a 5 0.0105 ∗∗ 0.0115 0.0080 0.0074 

LEVEL coefficient a 6 0.0319 ∗∗ −0 . 0483 0.0321 . −0 . 6211 

SLOPE coefficient a 8 −0 . 0 0 05 ∗ 0.0849 0.0078 . 0.5893 

CRED coefficient a 9 0.0067 ∗∗∗ −0 . 7385 −0 . 0230 −0 . 1573 

Frailty volatility σ ∗∗∗ 0.2287 ∗∗∗ 0.1176 

Frailty mean reversion rate k ∗∗∗ 5.9771 ∗ 0.0213 

Frailty mean reversion level z ∗∗∗ 0.0044 ∗∗ 0.3278 

Contagion sensitivity b ∗∗∗ 0.0094 ∗∗∗ 0.0094 

Contagion decay rate κ ∗∗∗ 0.0521 ∗∗∗ 0.0523 

Log-likelihood 617.45 466.55 617.36 601.61 

Likehood ratio vs. Base model ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 

Likehood ratio vs. Base + Frailty model ∗∗∗ 0.0 0 0 

Table 17 

Parameter estimates for the complete model and the Base + Contagion submodel after accounting for multiple defaults in one day separately and for 

industry-specific contagion effects. While unreported, the asymptotic standard errors are computed using the Hessian matrix of the log-likelihood at 

the parameter estimates reported. We also report the p -values of likelihood ratio tests; see Table 8 . “ · ” indicates significance at the 90% confidence 

level, “∗” indicates significance at the 95% level, “∗∗” significance at the 99% level, and “∗∗∗” significance at the 99.9% level. 

Complete model Base + Contagion submodel 

Formulation of Eq. (5) Formulation of Eq. (6) Formulation of Eq. (5) Formulation of Eq. (6) 

Constant a 0 · −0 . 8879 ∗∗ −1 . 6931 −0 . 8902 ∗∗ −1 . 7084 

IP coefficient a 1 0.0081 −0 . 0152 0.0090 −0 . 0146 

GDP coefficient a 2 
∗∗ −0 . 1432 ∗∗ −0 . 0827 ∗∗∗ −0 . 1413 ∗ −0 . 0805 

RET coefficient a 4 0.0068 −0 . 0037 0.0076 −0 . 0040 

VOL coefficient a 5 −0 . 0107 −0 . 0052 −0 . 0110 −0 . 0054 

LEVEL coefficient a 6 0.0302 −0 . 0207 0.0335 −0 . 0159 

SLOPE coefficient a 7 −0 . 0449 0.0261 −0 . 0555 0.0 0 09 

CRED coefficient a 8 −0 . 2329 0.3316 −0 . 2512 0.3069 

Frailty volatility σ 0.2114 · 0.2222 

Frailty mean reversion rate k 6.0130 6.0374 

Frailty mean reversion level z 0.0037 0.0041 

Contagion sensitivity b ∗∗∗ 0.0072 ∗∗∗ 0.0079 

Contagion decay rate κ ∗∗∗ 0.0567 0.0325 ∗∗∗ 0.0618 · 0.0320 

Banking sensitivity b ∗ 0.0088 ∗∗∗ 0.0088 

Capital industries sensitivity b + b 1 0.0030 0.0031 

Consumer industries sensitivity b + b 2 
∗∗∗ 0.0071 · 0.0070 

Energy & environment sensitivity b + b 3 
∗∗ 0.0064 ∗∗ 0.0065 

F.I.R.E sensitivity b + b 4 0.0 0 0 0 0.0 0 0 0 

Media & publishing sensitivity b + b 5 0.0 0 01 0.0 0 01 

Retail & distribution sensitivity b + b 6 
∗∗∗ 0.0116 ∗ 0.0112 

Technology sensitivity b + b 7 0.0 0 06 0.0 0 06 

Transportation sensitivity b + b 8 0.0 0 0 0 0.0 0 0 0 

Utilities sensitivity b + b 9 0.0 0 01 0.0 0 0 0 

Log-likelihood 599.63 615.92 599.31 615.76 

Likehood ratio vs. Base model ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 ∗∗∗ 0.0 0 0 

Likehood ratio vs. Base + Frailty model 1.0 0 0 ∗∗∗ 0.0 0 0 
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Table 18 

Average parameter estimates of a restricted version of the complete model of Table 3 . We generate 50 sample data sets from variants of the complete 

model in which the frailty processes have dynamics that differ from the CIR dynamics in Eq. (2) . In one model variant, the frailty follows an exponential 

Ornstein-Uhlenbeck process in which the logarithm of the frailty has a speed of reversion of 6.0203, a mean reversion level of −12 . 1107 , and a volatility 

of 3.6370. In a second model variant, the frailty follows an exponential white noise process in which the logarithm of the frailty has monthly Gaussian 

innovations of mean −6 . 0461 and variance 1.0986. In a third model variant, the frailty is resampled every month from a Gamma distribution with 

scale parameter 2 and shape parameter 0.0021. The parameters specifying the frailty dynamics in these model variants are chosen so as to match 

the monthly mean and variances estimated for the frailty process in Table 4 . For all model variants, the parameters specifying the contagion factor 

and the exposure to common macro factors are the same as in Table 5 . The time horizon is the same as in Table 4 . Empirical standard deviations of 

the estimated parameters are given parenthetically. We compute significance levels from a centralized normal distribution with standard deviations 

given by the empirical standard deviations of the parameter estimates. ∗ indicates significance at the 95% level, ∗∗ significance at the 99% level, and ∗∗∗

significance at the 99.9% level. The z -scores of the parameter estimates are given in brackets when applicable. 

Frailty specified as: 

Exponential OU Exponential WN Gamma 

Constant a 0 
∗∗∗ −1 . 4921 ∗∗∗ −1 . 4781 ∗∗∗ −1 . 4772 

(0.1724) (0.0980) (0.1755) 

[0.6263] [1.2437] [0.6997] 

GDP coefficient a 3 
∗∗∗ −0 . 1196 ∗∗∗ −0 . 1178 ∗∗∗ −0 . 1214 

(0.0018) (0.0052) (0.0048) 

[0.2090] [0.4180] [ −0 . 2956] 

Frailty volatility σ ∗∗∗ 0.2149 ∗∗∗ 0.2152 ∗∗∗ 0.2135 

(0.0116) (0.0063) (0.0148) 

Frailty mean reversion rate k ∗ 4.9714 ∗ 6.4225 5.4915 

(2.4724) (2.8907) (4.2678) 

Frailty mean reversion level z 0.0066 ∗ 0.0046 0.0086 

(0.0041) (0.0018) (0.0086) 

Contagion sensitivity b ∗∗∗ 0.0088 ∗∗∗ 0.0080 ∗∗∗ 0.0093 

(0.0016) (0.0015) (0.0012) 

[ −0 . 8590] [ −1 . 4523] [ −0 . 6323] 

Contagion decay rate κ ∗∗∗ 0.0550 ∗∗∗ 0.0497 ∗∗∗ 0.0589 

(0.0079) (0.0093) (0.0083) 

[ −0 . 1664] [ −0 . 7057] [0.3143] 

U

effects may thus bias our estimates for the contagion chan- 

nel. To demonstrate that this is not the case, we incorpo- 

rate industry-specific contagion effects by formulating U n 

as follows: 

 n = 

J n ∑ 

j=1 

max 

{
0 , 

(
1 + 

b I n j 
b 

)
log u n j 

}
, (6) 

where I n j indicates the industry of the j th default on day 

T n . The parameter b I n j 
measures the intensity sensitivity to 

a dummy variable that is equal to one if and only if the j th 

default on day T n occurs in industry I n j . 

We reestimate the models that include the contagion 

channel using Eq. (6) . We consider ten different sectors as 

defined by Moody’s 11 Code (see Fig. 4 ). Table 17 summa- 

rizes our results. The contagion sensitivity is smaller after 

accounting for different industries. The average sector con- 

tagion sensitivity, weighted by empirical default frequen- 

cies, is 0.0044. Significant contagion occurs after a default 

in the banking, the consumer industries, the energy and 

environment, and the retail and distribution sectors. An av- 

erage default in these sectors increases the aggregate de- 

fault intensity by 1.96, 1.88, 1.81, and 2.87 defaults per 

year, respectively. Despite the contagion sensitivity being 

smaller, the estimated contagion decay rate κ under for- 

mulation of Eq. (6) implies a much larger persistency of 

the contagion factor Y . Defaults in the banking, consumer 

industries, energy and environment, and the retail and dis- 

tribution sectors cause large jumps up in the aggregate de- 

fault intensity, and these jumps persist with a half-life of 

about five months (the half-life under specification of Eq. 

(4) is only three months). All other parameter estimates 
and standard errors are roughly the same for the formu- 

lation of Eq. (6) as for our original formulation of Eq. (4) . 

Likelihood ratio tests of the complete and nested models 

under the formulations of Eq. (6) and (4) yield the same 

results. We conclude that omitted industry-specific conta- 

gion effects do not bias any of our results. 

Consistent with Hertzel et al. (2008) and Jorion and 

Zhang (2009) , our results on industry effects confirm that 

contagion can occur across industries. Our results also con- 

firm that contagion does not necessarily originate in the 

financial sector, extending our findings of Section 8.3 . A 

large industrial default can have a similar impact on ag- 

gregate default rates as a default with comparable loss in 

the financial sector. 

8.6. Frailty misspecification 

We study the robustness of our results with respect 

to alternative specifications of the frailty factor. We con- 

sider three variants of the complete model with different 

formulations of the frailty factor. In one formulation, the 

frailty follows an exponential Ornstein-Uhlenbeck process 

as in Duffie et al. (2009) . In a second formulation, the 

frailty is given by a monthly resampled gamma random 

variable, following Chava et al. (2011) . In a third formula- 

tion, the frailty follows an exponential white noise process 

with monthly innovations. In each of these formulations, 

the means and variances of the innovations were selected 

to match the monthly mean and volatility estimates of the 

frailty factor in the original model, given in Table 4 . 
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We generate 50 sample data sets from each of these

model variants via Monte Carlo simulation, and then esti-

mate the original complete model based on the simulated

data. Table 18 provides summary statistics of the resulting

parameter estimates. We see that the frailty factor is sig-

nificant for all variants of the data-generating model. This

confirms the ability of our estimation approach to detect

the presence of latent variables even if the frailty model is

misspecified. Moreover, we see that the role of the conta-

gion channel is measured correctly under frailty misspeci-

fication. We conclude that our assessment of the contagion

channel is robust to misspecification of the frailty factor. 

9. Concluding remarks 

The US credit markets have suffered several significant

clusters of corporate default events. This paper studies the

sources of clustering using data on industrial and finan-

cial default timing in the US between 1970 and 2012. It

presents strong evidence for the existence of a contagion

channel of default clustering, after controlling for firms’

joint exposure to observable and latent systematic risk fac-

tors. 

The results have important implications for the man-

agement of portfolio credit risk at financial institutions.

The models widely used to estimate risk capital address

only the default clustering due to firms’ joint exposure to

observable risk factors. Our results suggest that these mod-

els significantly understate the risk of large losses from de-

faults. This indicates that institutions using these models

might end up holding inadequate capital to withstand the

large losses induced by default clusters as those seen dur-

ing the financial crisis of 20 07–20 09. Our results suggest

to estimate risk capital using an approach that controls for

latent systematic factors and also addresses the impact of

past failures on default rates. 

An understanding of the sources of default clustering is

also essential for the pricing, rating, risk analysis, and trad-

ing of securities that are exposed to correlated default risk,

such as collateralized debt obligations. Our findings sug-

gest to account for a contagion channel when examining

such securities. 

Appendix A. Reduced-form model 

This appendix provides some technical details regarding

our model of default timing ( Section 4 ). The default data

is a realization of a marked point process ( T n , U n ) n ≥ 1 de-

fined on a complete probability space (�, F , P ) equipped

with an information filtration F = (F t ) t≥0 satisfying the

usual conditions of right-continuity and completeness (see

Protter, 2004 ). That is, ( T n ) n ≥ 1 is an increasing sequence of

stopping times tending to ∞ . The times T n represent the

dates in the sample with at least one default. Moreover,

( U n ) n ≥ 1 is a sequence of F T n -measurable random variables,

where U n represents the total amount of defaulted debt on

date T n . We assume that there exists a positive process λ
such that the variables N t −

∫ t 
0 λs ds form a local martin-

gale, where N t = 

∑ 

n ≥1 1 { T n ≤t} . The process λ is the inten-

sity of N . We have that E [ N t+� − N t | F t ] ≈ λt � for small
�> 0, suggesting the interpretation of a conditional mean

arrival rate for λ. 

Appendix B. Goodness-of-fit tests 

This appendix extends a key result obtained by Das

et al. (2007) for doubly stochastic models with observable

risk factors. The extension allows us to construct goodness-

of-fit tests for our default timing model of Eq. (1) , which

violates the doubly stochastic hypothesis due to the pres-

ence of the frailty and self-exciting terms. A key role is

played by the posterior mean h t = E [ λt | G t ] of the inten-

sity, which is discussed in Internet Appendix B. 

Proposition 1 . Let H t be the right-continuous inverse to C t =∫ t 
0 h u d u, i.e., 

H t = max 

{
s ≥ 0 : 

∫ s 

0 

h u d u ≤ t 

}
. (B.1)

The time-changed process J defined by J t = N H t is a standard

Poisson process on [0, ∞ ) relative to P and the minimal right-

continuous completion H of (G H t ) t≥0 . 

Proof of Proposition 1. A result of Meyer (1971) implies

that a counting process with compensator that is con-

tinuous and increasing to ∞ almost surely can be trans-

formed into a standard Poisson process by a change of

time given by the compensator. Relative to the filtration G

generated by the observable data, the counting process N

has compensator C given by C t = 

∫ t 
0 h u d u, where h is the

posterior mean of the intensity (see Internet Appendix B).

Since each H t is a stopping time with respect to G , we

can define the stopping time σ -algebra H t = G H t , which

is the smallest σ -algebra containing all right-continuous

left limit processes sampled at H t . Meyer’s theorem im-

plies that the time-scaled process J is a standard Poisson

process in the time-changed filtration H , which is the min-

imal right-continuous completion of (H t ) t≥0 . �

Proposition 1 states that the default count N t can be

transformed into a standard Poisson process by a change

of time given by the cumulative posterior mean of the in-

tensity. The posterior mean is given by Proposition B.1 in

Internet Appendix B, and can be computed using Algo-

rithm A.2 in Internet Appendix A. This result allows us to

test model fit by testing the Poisson property of the time-

scaled default times. 
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