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We develop a dynamic point process model of correlated default
timing in a portfolio of firms, and analyze typical default profiles in
the limit as the size of the pool grows. In our model, a firm defaults
at a stochastic intensity that is influenced by an idiosyncratic risk
process, a systematic risk process common to all firms, and past de-
faults. We prove a law of large numbers for the default rate in the
pool, which describes the “typical” behavior of defaults.

1. Introduction. The financial crisis of 2007-09 has made clear the
need to better understand the diversification of risk in financial systems
with interacting entities. Prior to the crisis, the common belief was that risk
had been diversified away by using the tools of structured finance. As it
turned out, the correlation between assets was much larger than supposed.
The collapse fed on itself and created a spiral.

We study the behavior of defaults in a large portfolio of interacting firms.
We develop a dynamic point process model of correlated default timing,
and then analyze typical default profiles in the limit as the number of con-
stituent firms grows. Our empirically motivated model incorporates two dis-
tinct sources of default clustering. Firstly, the firms are exposed to a risk
factor process that is common to all entities in the pool. Variations in this
systematic risk factor generate correlated movements in firms’ conditional
default probabilities. Das, Duffie, Kapadia and Saita (2007) [DDKS07] show
that this mechanism is responsible for a large amount of corporate default
clustering in the U.S. Secondly, a default has a contagious impact on the
health of other firms. This impact fades away with time. Azizpour, Giesecke,
and Schwenkler (2010) [AGS10] provide statistical evidence for the presence
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of such self-exciting effects in U.S. corporate defaults, after controlling for
the exposure of firms to systematic risk factors.

More precisely, we assume that a firm defaults at an intensity, or con-
ditional arrival rate, which follows a mean-reverting jump-diffusion process
that is driven by several terms. The first term, a square root diffusion, rep-
resents an independent, firm-specific source of risk. The second term is a
systematic risk factor that influences all firms, and that generates diffusive
correlation between the intensities. For simplicity, we take this systematic
risk factor to be an Ornstein-Uhlenbeck process. The third term affecting
the intensity is the default rate in the pool. Defaults cause jumps in the in-
tensity; they are common to all surviving firms. We thus have two sources of
correlation between the firms; the dependence on the systematic risk factor
and the influence of past defaults. While this formulation parsimoniously
captures several of the sources of default correlation identified in empirical
research, the intricate event dependence structure presents a challenge for
the mathematical analysis of the system.

Our goal is to understand the behavior of the default rate in the portfolio
in the limit as the number of firms in the pool grows. Large stochastic sys-
tems often tend to have macroscopic organization due to limit theorems such
as the law of large numbers. This allows us to identify typical behavior. Our
main result is a law of large numbers for the default rate in the pool; this de-
scribes the macroscopically typical profile. The limiting default rate satisfies
an integral equation that makes explicit the role of the contagion exposure
for the behavior of default clustering in the pool. The result depends heavily
on the analysis of Markov processes via the martingale problem; see Ethier
and Kurtz (1986) [EK86]. We will have more to say on the mathematical
aspects of this in a moment. Once the typical behavior has been identified,
one can then study Gaussian fluctuations and the structure of atypically
large default clusters in the portfolio. We plan to pursue these directions in
a future work.

Previous studies have analyzed the behavior of defaults in large portfolios.
Dembo, Deuschel, and Duffie (2004) [DDD04] examine a doubly-stochastic
model of default timing. In their model, default correlation is due to the ex-
posure of firms to a common systematic risk factor which is represented by
a random variable. Conditional on this variable, defaults are independent.
A large deviation argument leads to an approximation of the tail of the
conditional portfolio loss distribution. Glasserman, Kang, and Shahabuddin
(2007) [GKSO07] study a copula model of default timing using large devia-
tion techniques. In that formulation, default events are conditionally inde-
pendent given a set of common risk factors. Bush, Hambly, Haworth, Jin,
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and Reisinger (2011) [BHHJR11] prove a law of large numbers for a related
dynamic model. Davis and Rodriguez (2007) [DR07] develop a law of large
numbers and a central limit theorem for the default rate in a stochastic
network setting, in which firms default independently of one another con-
ditional on the realization of a systematic factor governed by a finite state
Markov chain. Sircar and Zariphopoulou (2010) [SZ10] examine large port-
folio asymptotics for utility indifference valuation of securities exposed to
the losses in the pool. As with these papers, our model includes exposure
to a common systematic risk factor. In contrast, however, our model cap-
tures the self-exciting nature of defaults. Therefore, the firms in the pool
are correlated even after conditioning on the path of the systematic factor
process.

The use of interacting particle systems to study the behavior of default
clustering in large portfolios is a growing area. In a mean-field model, Dai
Pra, Runggaldier, Sartori, and Tolotti (2009) [DPRST09] and Dai Pra and
Tolotti (2009) [DPT09] take the intensity of a constituent firm as a deter-
ministic function of the percentage portfolio loss due to defaults. In a model
with local interaction, Giesecke and Weber (2006) [GWO06] take the intensity
of a constituent firm as a deterministic function of the state of the firms in
a specified neighborhood of that firm. The interacting particle perspective
leads to the study of the convergence of interacting Markov processes, laws
of large numbers for the percentage portfolio loss, and Gaussian approxi-
mations to the portfolio loss distribution based on central limit theorems.
The interacting particle system which we propose and study incorporates
an additional source of clustering, namely the exposure of a firm to a sys-
tematic risk factor process. Moreover, firm-specific sources of default risk
are present in our system. Also the nature of mean-field interaction in our
system is different. In [DPRST09] and [DPT09], a constituent intensity is
a function of the current default rate in the pool. In that formulation, the
impact of a default on the dynamics of the surviving firms is permanent. In
our work, a constituent intensity depends on the path of the default rate.
The impact of a default on the surviving firms is transient, and fades away
exponentially with time. There is a recovery effect.

As we were finishing this work, we learned of a related law of large numbers
type result by Cvitani¢, Ma, and Zhang (2010) [CMZ10]. They take the
intensity of a constituent firm as a function of a firm-specific risk factor, a
systematic risk factor, and the percentage portfolio loss due to defaults. The
risk factors follow diffusion processes whose coefficients may depend on the
portfolio loss. Our model of the risk factors is more specific than theirs, and
thus we are able to arrive at slightly more explicit results. Moreover, the
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effect of defaults in [CMZ10] is permanent, as in [DPRST09] and [DPT09].

There are several mathematical contributions in our efforts. Our analysis
of typical events (a weak convergence result) is somewhat similar to that of
certain genetic models (most notably the Fleming-Viot process; see Chapter
10 of [EK86], Fleming and Viot (1979) [FV79] and Dawson and Hochberg
(1982) [DH82]), but the specific form of our intensity processes imply both
complications and simplifications. Our work is centered on a jump-diffusion
intensity process which is driven by Ornstein-Uhlenbeck and square root
diffusion terms. This formulation allows some explicit simplifying calcula-
tions which are not available in a more abstract framework. On the other
hand, due to the square root singularity, certain technical estimates need
to be developed from scratch (see Section 10). A final point of interest is
heterogeneity. Interacting particle systems are often assumed to have homo-
geneous dynamics, where various parameters are the same for each particle.
This allows the main mathematical arguments to take their simplest form.
Practitioners in credit risk, however, in reality face an extra problem in data
aggregation, where each firm in a portfolio has its own statistical parame-
ters. We have framed our weak convergence result to allow for a distribution
of “types”; i.e., a frequency count of the different model parameters. This
leads us to the correct effective dynamics of the portfolio and in particular
to a precise formulation of the effects of self-excitation (see Remark 5.2).

The rest of this paper is organized as follows. Section 2 formulates our
model of default timing. We establish that our model is well-posed via the
results of Section 3. In Section 4 we identify the limit as the number of firms
in the portfolio goes to infinity—a law of large numbers result. The proof of
this result is in Section 8, but depends upon the technical calculations of
Sections 5, 6, and 7. Section 9 concludes and discusses extensions. Section
10 contains a number of technical results on square-root-like processes which
are used in our calculations.

2. Model, Assumptions and Notation. We construct a point pro-
cess model of correlated default timing in a portfolio of firms. We assume that
(Q,.#,P) is an underlying probability triple on which all random variables
are defined. Let {W"}, ey be a countable collection of standard Brownian
motions. Let {e,}nen be an i.i.d. collection of standard exponential random
variables. Finally, let V' be a standard Brownian motion which is indepen-
dent of the W™’s and ¢,,’s. Each W™ will represent a source of risk which is
idiosyncratic to a specific firm. Each e, will represent a normalized default
time for a specific firm. The process V' will drive a systematic risk factor
process to which all firms are exposed.
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Fixan N € N, n € {1,2,..., N} and consider the following system:

AN = —ann AN = Ay ) dE + o\ AN AW
+ﬁ]€,ndLiv + 5Nﬂ]€f,n)\iV7ndXt t>0
A" = Ao
(2.1) dX;, = —yXydt+dV, t>0
XO = o

1 Y t
N N,n
Lt = —N E X[enpo) (/_0 >\S dS) .
n=1 §=

Here, ﬁfm € Ry def [0,00) and ﬁf\}n € R are constants which represent

the exposure of the n-th firm in the pool to LY and X, respectively. The
ang's, ;\N,n’s and on,,’s are in Ry and characterize the dynamics of the
firms. We will address the role of e in a moment. The initial condition x,
of X is fixed and v > 0. We use x to represent the indicator function here
and throughout the paper. The description of LY is equivalent to a more
standard construction. In particular, define

t
(2.2) N et {t >0: / AVngs > en} .
s=0
Then
t
(23) X[en,OO) (/_0 )\évvnd8> = X{TN’nSt}

and consequently

v_ 1 al
Ly = N ZX{vangt}'

n=1
The process AV™" represents the intensity, or conditional event rate, of
the n-th firm in a portfolio of N firms. More precisely, A" is the instanta-
neous Doob-Meyer compensator to the default indicator process (2.3); see
(4.1). We will see in Proposition 3.3 in Section 3 that the A\""’s are indeed
nonnegative. The process X represents a source of systematic risk; in our
model this is a stable Ornstein-Uhlenbeck process. The process LY is the
default rate in the pool. The jump-diffusion model for A\NV'" captures several
sources of default clustering. A firm’s intensity is driven by an idiosyncratic
source of risk represented by a Brownian motion W™, and a source of sys-
tematic risk common to all firms—the process X. Movements in X cause
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correlated changes in firms’ intensities and thus provide a source of default
clustering emphasized by [DDKS07] for corporate defaults in the U.S. The
sensitivity of AV'" to changes in X is measured by the parameter ﬂ}%’n The
second source of default clustering is through the feedback (“contagion”)
term B%yndlé\f . A default causes an upward jump of size % ﬂ%n in the inten-
sity AV, Due to the mean-reversion of A", the impact of a default fades
away with time, exponentially with rate ay,. Self-exciting effects of this
type have been found to be an important source of the clustering of defaults
in the U.S., over and above any clustering caused by the exposure of firms
to systematic risk factors [AGS10].

In the special case that ﬁ](\j,’n = 6}%771 =0 for all n € {1,2,..., N}, the
intensities AV follow independent square root processes so firms default
independently of one another. The formulation (2.1) is a natural generaliza-
tion of the widely used square root model to address the clustering between
defaults.

The interest in large pools of assets is that they provide diversification;
they allow one to construct portfolios which have small variance. The dy-
namics of X imply that X is stochastically of order 1; i.e., it is stable'. Thus
the only way for the pool to have small variance in our model is for each of
the constituent firms to have small exposure to X. We thus assume that

i ey =0
If e is not small, the influence of the systematic risk factor X will be of
order 1, and the “typical” behavior of the pool will strongly depend on X
(and the tail behavior of the whole system will be strongly determined by
the tail of X).

REMARK 2.1.  Given the simple structure of X, our model is equivalent,
if o = 0, to a model where each intensity has exposure of order 1 to a small
systematic risk. Namely, if £o =0, then ey X = XY where

dX})N = —XNdt 4 endVi.

Our model allows for a significant amount of bottom-up heterogeneity; the
intensity dynamics of each firm can be different. We capture these different
dynamics by defining the “types”

def 3
(24) pNﬂ = (aN,naAN,n7JN,n7ﬁ]€/,nﬂB]€f,n);

'Regulatory agencies, for example, are charged with preventing systematic factors from
spiraling out of control.
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the pNV'"’s take values in parameter space P def ]Ri X R. In order to expect
regular macroscopic behavior of LV as N — oo, the pV"’s and the Ao, NS
should have enough regularity as N — oo. For each N € N, define

N def 1 ol N def 1 al
i I Z dpNn and AS = N Z o,
ne1 n=1

these are elements of Z(P) and Z(R,) respectively?.
We need two main assumptions. Firstly, we assume that the types of (2.4)
and the initial distributions (the Ao n,’s) are sufficiently regular.

ASSUMPTION 2.2.  We assume that def lmpy oo 7 and Ao def limpy a0 AY
exist (in Z(P) and P (Ry), respectively).

Note that this is what happens in practice; one constructs a frequency count
of the parameters of the different assets in a large pool and uses this to seek
aggregate dynamics for the pool itself. For a large pool, one hopes that
this frequency count will have some simpler macroscopic description. We
secondly assume that the types are bounded.

ASSUMPTION 2.3. We assume that there is a Ko3 > 0 such that the
Ny 'S, AN 'S, ONp s, \ﬁgn\ ’s, |ﬂ]€,7n\ s, and Ao N5 ’s are all bounded by K» 3
for all N € N andn €{1,2,...,N}.

Equivalently, we require that the 7x’s and AY’s all (uniformly in V) have
compact support. We could relax this requirement, at the cost of a much
more careful error analysis.

We are interested in the typical behavior of { L™ }. In Section 3, we consider
the well-posedness of the model (2.1), while in Section 4, we state the law
of large numbers result, Theorem 4.2.

3. Well-posedness of the Model. We here state several technical
results concerning the intensities which are a central part of our model. We
want to understand the structure of the AN"’s a bit more. The complications
which require our attention are the square root singularity, and the fact that
the A\;+dX; term contains the term A; X:dt, implying that the dynamics of the
R2-valued process (A, X ) contain a superlinear drift. The proofs of the results
here will be given in Section 10.

2As usual, if E is a topological space, Z(E) is the collection of Borel probability
measures on F.
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Let W* be a reference Brownian motion with respect to a filtration
{4 }1>0. Assume also that V' is adapted to {%}+>0. Let & be a {%4}i>0-
predictable, nondecreasing, and right-continuous process which takes values
in [0,1] and such that & = 0. Fix p = (a, \,0,8%,6%) € P and X\, in R.
Consider the SDE

A\ = —a(N — N)dt + o/ AV 0dW; + 39de, + f5M\dXy  t>0

3.1
(3:1) Ao = Ao.

Note that by expanding the dynamics of dX and rearranging a bit, we get
that

A\ = — {a 4 BS'th} Aedt + addt + BCdE, + o/ M V 0dW; + B NdV.

Also, we have for the moment subsumed the small parameter ey into the
(3% term; see the proof of Proposition 3.3.
We will use a number of ideas from [IW89] (see also [DD94]).

LEMMA 3.1. There is a nonnegative solution A of the R-valued SDE
(3.1). Furthermore supycpo ) E[|A¢|?] < 0o for all T >0 and p > 1.

We also have uniqueness.
LEMMA 3.2. The solution of (3.1) is unique.
The model (2.1) is thus well-posed.

PROPOSITION 3.3. The system (2.1) has a unique solution such that
)\iv’n >0 for every Ne N, ne {1,2,...,N} and t > 0.

PROOF. Using Lemmas 3.1 and 3.2, solve (2.1) between the default times.
Replace $° by en/3° in applying Lemma 3.1. O

We shall also need a macroscopic bound on the intensities.

LEMMA 3.4. Foreachp>1andT >0,

Koms o, 35 N1
NeN

is finite.
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4. Typical Events: A Law of Large Numbers. Our first task is
to understand the “typical” behavior of our system. To do so, we need to
understand a system which contains a bit more information than the default
rate L. For each N € Nand n € {1,2,..., N}, define

t
,n def n
(41) Miv = X[O en (/ 0 Ag’ ds) — X{TN,n>t}
S=

(where 7V is as in (2.2)). In other words, M} = 1 if and only if the n-th

firm is still alive at time ¢; otherwise Miv ™ = 0. Thus MV is nonincreasing
and right-continuous. It is easy to see that

t
"t / AN ds
5=0

is a martingale. Define P L p Ry. For each N € N, define p AN" def

(p N”,)\ivn) foralln € {1,2,...,N} and t > 1. For each t > 0, deﬁne

dof 1 & N
N de 2: n
= N (Sf)i\f,th 3
n=1

in other words we keep track of the empirical distribution of the type and
credit spread for those assets which are still “alive”. We note that

LY =1—ul(P)

for all t > 0.

We want to understand the dynamics of uf for large N (this will then
imply the “typical” behavior for L}Y). To understand what our main result
is let’s first set up a topological framework to understand convergence of
pV. Let E be the collection of sub-probability measures (i.e., defective ' prob-
ability measures) on P; i.e., E consists of those Borel measures v on P such
that 1/(73) < 1. We can topologlze E in the usual way (by projecting onto
the one-point compactification of P; see [Roy88, Ch. 9.5]). In particular, fix
a point % that is not in P and define P+ pu {*}. Give Pt the standard
topology; open sets are those which are open subsets of P (with its original
topology) or complements in P+ of closed subsets of P (again, in the origi-
nal topology of P). Define a bijection ¢ from E to P (P*) (the collection of
Borel probability measures on P*) by setting

(w)(4) Ev(AnP) + (1= v(P)) 0.(4)
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for all A € %(ﬁ*) We can define the Skorohod topology on 9(75+), and
define a corresponding metric on F by requiring ¢ to be an isometry. This
makes E a Polish space. We thus have that uV is an element? of of Dg[0, 00).

The main theorem of this section is Theorem 4.2, essentially a law of
large numbers. The construction of the limiting process will take several
steps. First, for each p = (a, A, 0, 8¢, %) € P, let bP satisfy

WPt)=1— Lo OP()2 —abP(t) >0

(4.2) 2
b(0) = 0.

Note that if b°() = 0, then bP(t) = 1 > 0. Thus bP(t) > 0 for all ¢ > 0.
The next lemma is essential for the characterization of the limit. Its proof
is deferred to Section 10.

LEMMA 4.1.  There is a unique Ry -valued trajectory {Q(t); t > 0} which
satisfies the equation

Q1) :/ p=(p.\)EP 3¢ {z}p(t)mt/t_ bp(t—r){Q(r)+a§\}dr]
(43) p=(a,\,0,8%,85) r=0

t _
X exp {—bp(m - / WP(t — 1) {Q(r) + aX) dr} (dp)Au(dN).
r=0
Here, m and Ay are as in Assumption 2.2.

Now let W* be a reference Brownian motion. For each p = (p, \o) € P where
p= (o, \ 0,6 3%, let \f(p) be the unique solution to

44 XN®) =d—a [ o) -Ndsto [ Samaws+ [ s

We now have our main result.
THEOREM 4.2.  For all A € B(P) and B € B(R,), define
(4.5)

_ de
i(AxB) & / xA(p)E
p=(p,\)EP

OB e |- [ xe)s] | wtdp)Ac(an),

If S is a Polish space, then Dg[0,00) is the collection of maps from [0,00) into S
which are right-continuous and which have left-hand limits. The space Dg[0, c0) can be
topologized by the Skorohod metric, which we will denote by ds; see Chapter 3.5 of [EK86].
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Then

(4.6) lim P {d,p (1", 5) > 6} =0

N—oo
for every 6 > 0. Define

@7 P E1-m(P)

— - /p Conen® {exp {— / to Aj(ﬁ)ds“ (dp)Ao(dN).

Then, for all 6 >0 and T > 0,

lim ]P’{ sup |LY — F(t)] 25} =

N—oo 0<t<T

The parts of the proof of this result will be given in Sections 5, 6, and 7.
In particular, in Section 5, we identify a candidate limit for {xV} using the
martingale problem formulation. Then in Section 6, we prove that {u"} is
tight, which ensures that the laws of {u/V}'s have at least one limit point.
In Section 7, we prove that the limit is necessarily unique. Then, in Section
8, we collect things together to prove Theorem 4.2.

With this result in hand, we can rewrite (4.4) to see the exposure of a
typical firm to the contagion factor.

REMARK 4.3. We have that

(4.8) :/ (PP [ () exp {‘/;Nf’)dsﬂw(dpmo(dA)
:/ﬁ=(p,/\) Mie(dp)

Thus

(1.9) %) = [ 0s@)-Ndso [ Pa@aws+ [ B

where

def c A A
B(p) = / smpnyep P Aul(dp) / / s—pnyep  AH(dP)
P

p=(a,A,0,69,6%)

for oll p € E. In other words, the effective sensitivity of a typical inten-
sity to the contagion is given by an average weighted by the instantaneous
intensities. Note that 0 < B(u) < Ka 3.
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The homogeneous case provides more explicit insights into the role of the
contagion exposure for the behavior of default clustering in the pool.

REMARK 4.4. Fiz p = (p, o) € P where p = (a, N\, 0,8, 3%). Assume
that the pool is homogeneous; that is, pN'™ = p for all N € N and n €
{1,2,...,N}. By the relation (4.9), we then have that Q(t) = B°F(t). In
this case, F' is given by the unique solution to the integral equation

F()—l—exp[a)\/ t—rdr—ﬁc/ F(r bp(t—r)dr—bp())\}

Furthermore, if there is no exposure to contagion; i.e., 3¢ = 0, then this
integral equation reduces to the well-known explicit formula

F(t) = 1 — exp {—a)\ /io WPt — r)dr — bp(mo} .

Figure 1 shows the limiting default rate F(t) for different values of the con-
tagion sensitivity 5¢. The default rate increases with 3¢. Figure 2 shows
the limiting default rate F(t) for different values of the parameter o, which
specifies the reversion speed of the intensity. The default rate is relatively
insensitive to changes in « for shorter horizons; for longer horizons it de-
creases with a. The limiting default rate is more sensitive to variation in
the reversion level X, as indicated in Figure 3. Variations in the diffusive
volatility o of the intensity have little effect on F(t).

We finally note that the structure of the unperturbed (i.e., 3¢ = 8% = 0)
dynamics of the intensity (2.1) was crucial in singling out the equation (4.3)
as the proper macroscopic effect of the contagion (see the proof of Lemma
8.2). The calculations in fact hinge upon the explicit formulae for affine jump
diffusions developed in [DPS00]. In a more general setting we would need a
more abstract framework (see [CMZ10]).

5. Identification of the Limit. We want to use the martingale prob-
lem (see Chapter 4 of [EK86]) to show that u’’s converge to a limiting
process. For every f € C*°(P) and pu € E, define

def

(fiwp = | _ f(P)u(dp).
peP

Let S be the collection of elements ® in B(Z(P)) of the form

(5.1) O(p) = ¢ ((fr,mp (fos - (o, 1) )
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Fic 1. Comparison of limiting default rate F(t) for different values of the contagion
sensitivity 8°. The parameter case is 0 = 0.9, a =4, A = 0.5, and Ao = 0.5.

for some M € N, some ¢ € C®°(RM) and some {f,,}*_,. Then S separates
P(P) (see Chapter 3.4 of [EK86]). It thus suffices to show convergence of
the martingale problem for functions of the form (5.1).

Let’s fix f € C°°(P) and understand exactly what happens to <f, ,uN>E
when one of the firms defaults. Suppose that the n-th firm defaults at time
t and that none of the other firms defaults at time ¢ (defaults occur simul-
taneously with probability zero). Then

N 1 N.n' \N.n/ ﬂ]C\;n N,n/
<f”ut>E:N Z f(p D +]V7>Mt7

lgn;EN

n'#n

(ful) = % S (M AT ) u %f (p™" A .
I%Lan

Note furthermore that the default at time ¢ means that [ st:o MVnds = ey,
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Fic 2. Comparison of limiting default rate f’( ) for different values of the reversion speed
a. The parameter case is o = 0.9, 3¢ =2, A = 0.5, and Ao = 0.5.

N,
so M; " = 0. Hence

(5.2) Py = (foud) = Tt

where

N / ! ﬁc /7 ! !
ij :e Z { ( Nn’)\i\f,n + ]A\/],n) _f(pN,n7)\iV7n)}MiV,n
n:

— $f(#V”AN")

forallt >0, Ne Nand n € {1,2,...,N}.
We now identify the limiting martingale problem for pV. For p = (p,\)
where p = (o, A, 0, 89, 3%) € P and f € C*(P), define the operators
1, 0%
(£:1)(B) = 50250

(£21)(p) = §§< )

(P) —a(A = N7
(5.3)
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Fic 3. Comparison of limiting default rate F(t) for different values of the reversion level
X. The parameter case is o = 0.9, B =2, oo =4, and \o = 0.5.

Define also

Q(p) = A3°

for p = (p,\) where p = (o, A, 0, 3¢, 3°) € P. The generator £; corresponds
to the diffusive part of the intensity with killing rate A\, and L5 is the macro-
scopic effect of contagion on the surviving intensities at any given time. For
® € S of the form (5.1), define

M
(AD) ) S 2 (g oot fars ) (AL f )
m=1 m

+(Q, ) g (L2fm, W)} -

We claim that A will be the generator of the limiting martingale problem.

(5.4)

LEMMA 5.1 (Weak Convergence). Forany® € S and0<ry <rg...1r;=
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s<t<T and {@sz}jzl C B(FE), we have that
t J
Jim E {‘I)(uiv) —®(u)) —/ («4@)(#5)617"} [T v =o.
r=s j=1
PROOF. For p = (p, \) where p = (a, \, 0, 3%, 3%) € P, define
a 1 2 azf &Y af
(£2)(B) = 30° A0 (B) 0~ 1) 2 (p)

2
(ﬁif)(ﬁ)—k{;gé(ﬁ) I

Then L® is the generator of the idiosyncratic part of the intensity and £ is
the generator of the systematic risk.
We start by writing that

t
@) = 8 + [ {4+ a2} dr + Mo

where M is a martingale and

M
A= aagi (<f17/~6t > <f2’”iV>E"'<fM’M£V>E)

m=1

N
S (£ Fa) ™) + en (Ll Fu) (B "

Tn2::1 . ({flnut > <f2,ﬂt > -<fM,MiV>E) {<£afmvNiV>E

ven (i) )

Y2 = S L (i) + 70, (o)
n=1

TR (i) + TEWD)

—p <<f1,uiV>E,<f2,ut >E...<fM,MiV>E)}MiV,n

Using Lemma 3.4, it is fairly easy to see that for all f € 000(75),

s [ [ {6k 1) o] =0

Q"Qv Z\H
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To proceed, let’s simplify j]{/,n‘ For each f € C'°°(75), t>0, NeNand
n € {1,2,...,N}, define

= eﬂ n 8 A TL n n
Thoalt) N Z O o mmam — 1 (P AN

= B <£2f, 'y = Fr).

Then )
; 1o K2, |02
T4 (0) = 5 Ta0)] < T2

IN2
O,

9

where K 3 is the constant from Assumption 2.3.
Define ¢(p ) Lf \ for p b= (p,\) € P. Setting

A S 22 () o i) (),

m=1
wliA "
(5.5) N =
M o
Z 7(<f1’M£V>E’<f2”u’£V>E"'<fM’M'{V>E>

(@) (Lofmpl’) g = (i)

¢ _
lim E[/ ‘AiVQ_AiV,? } =0
N—oo r=0

Collecting things together, we have that

t t t J
]\;EnooE [{/T=s Aiv’ld"" * /T:S AT]jV?QdT B /r:s( } 1:[ MT] ] N

which implies the claim. O

we have that

We in particular note the macroscopic effect of the contagion.

REMARK 5.2. The key step in quantifying the coarse-grained effect of
contagion was (5.5). Namely, we average the combination of the jump rate
and the exposure to contagion across the pool.
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6. Tightness. In this subsection we verify that the family {u"™} ey is
relatively compact (as a Dg[0, oo)-valued random variable); this of course is
necessary to ensure that the laws of the ;s have at least one limit point.
The complication of course is the feedback through contagion. We need to
show that the system is unlikely to “explode” via feedback. Our calculations
are framed by Theorem 8.6 of Chapter 3 of [EK86]; we need to show compact
containment and regularity of the uV’s.

In particular, compact containment ensures that there is a compact set
K such that " will belong to K for all N € N and ¢ € [0,T] with high
probability; see Lemma 6.1. Regularity shows, roughly speaking, that ,u,{v -
p is bounded in a certain sense by a function of the time interval ¢ — s,
that goes to zero as the length of the time interval goes to zero; see Lemma
6.3. By Theorem 8.6 of Chapter 3 of [EK86], these two statements imply
relative compactness of the family {uV} yen in Dg[0, 00); see Lemma 6.4.

Let’s first address compact containment.

LEMMA 6.1. For each n > 0 and t > 0, there is a compact subset IC of

E such that
sup ]P’{,uiv €IC} <.

NeN
0<t<T

PRrOOF. For each L > 0, define K, & [~ Ky 5, Ko 5]3 x [0, Ka.5)2 x [0, L].
Then K;, CC P, and for each t > 0 and N € N,

N 1 X Non Kir34
E{Nt (,P\KL)}:NZP{)H&’ ZL}ST‘
n=1

Here K33 and Kj 134 are the constants from Assumption 2.3 and Lemma
3.4. Let’s next define

K3 d_ef{yeE: V(P\ Ky j2) < _ for alljeN};

1
vL+j

these are compact subsets of E. We have that

* - > 1
P ¢ Ki} < Y P{u P\ Kwwse) > =}
j=1

i E[uY (P \ K(115)]
ST VI
o0 o0
< Kir34 < K34

— (L+j)?/L+j ~ 4

J= J=

(T
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Since -
Kir13.4
Ly — O7
mn Z (L—l—j)3/2

L—oo =

the result follows. O

We next need to understand the regularity of the u™N’s. For each ¢ > 0
and N € N, we define

FN o DVm0<s<t,ne{l,2,...,N}}

Let’s also define ¢(z,y) ot min{|x —y|,1} for all z and y in R.

To proceed, let’s first consider the L™V’s. A useful tool will be the following
integral bound. Fix T' > 0 and suppose that f is a square-integrable function
on [0,7T]. Then for any 0 < s <t < T,

/ths fr)ydr <vt—s /TT f2(r)dr

(6.1) < ;{@—l—(t—S)lM/rTon(r)dr}

—

= = —81/4 ! 2T 7’}
—li-s) {1+/rof()d .

LEMMA 6.2. Define

\]

=y d:ef% i {1 +/:0 (/\,{V’”)er} = % {1 + ;]é/TO ()\,{V’”)er}.

n=1

Then E[=Zn] < %{1 + Kor3a4} (where Ko 3.4 is the constant from Lemma

3.4) and
E(ILY - LY||FN] < (¢ - 5) *E[EN|F]

forall0<s<t<T.

PROOF. The bound E[Ey] < %{1 + Ko 134} is clear from Lemma 3.4.
To proceed, let’s write

1 N
LY =1-=>"wm""
Nn:l
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By the martingale problem for LY we have that LY = AN + M; where M
is a martingale and where
N 1 al ¢ N,n, Nn
At = NZ T:O)\T’ M, dr.

n=1
Thus for 0 < s < t, we have (keeping in mind that LN is nondecreasing)
LN — LN = LN — LN = AN — AN + M, — M,

We then can use (6.1) to see that

N
AN — AN < 1 Z/ AN e < (8 —s)VEN
anl r=0
The claimed bound follows. O

Of course P{L) € [0,1]} =1 for all t > 0 and N € N, so compact contain-
ment (i.e., condition (a) of Theorem 7.2 of Chapter 2 of [EK86]) definitely
holds.

Moreover, by Lemma 6.2 we have that for any 0 <t < T, 0 < u < §, and
0<v <AL,

E |g(Li%, IO|ZY | oL L,) < E LY, - LY|#)| < 8V 'EEN| 2]

Theorem 8.6 of Chapter 3 of [EK86] thus implies that { LY} xen is relatively
compact.

LEMMA 6.3.  There is a random variable Hy with sup ey E[Hy] < o0,
such that for any 0 <t <T,0<u <4, and 0 <v <§ AL,

E[((f.u), o (Foul) VP fod) (o) DIFY] < 8B [HN‘%N} :
PrROOF. We start by using (5.2) to see that
(o) = (o) - AN+ AP+ BPY 4 BN

where

1

N o
LN _ 1,Nn
A = N E / a," " ds
n=1"5=0
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N ol t f
2,N N,
AN =Y [ T
n=1"5=0
N o
I of . N
B =5 Z / ON oy (B IV A M AW
N 5=0 o\

t2N_6N Z/ ﬁan f( 5n) éV,nd‘/S

where for simplicity we have defined

1,Nn def 1 2 \Nn | 2 35 2 [(\Nn)2 O f ~Nn
Qg - 2{(0N,n)‘s +€N(ﬁN,n) <>‘s ) >8)\2(ps )

+ (_QN,n ()\i\/,n - 5‘N,n> - 5NB]€7 n)‘N "X ) gﬁ( )} MéV7n‘

Thus forany 0 < s <t < T
E|({(f.nl) o (£ud) IZN]
<4{E[PArY, AN 2] +E @AY, 42| 7]
+E [¢?(ByN, BYN)| 2N + B |2 (BPY, B2Y) | 7Y}
<a{E[lAY - AN 2] +E[|lAPY - 42N 2]

+E UB}N— ’ ﬁN] +E UBE’N—B}N‘z‘yﬂ}

We now need to get some bounds. Due to Assumption 2.3, for any 0 <
s <t < T, we have that

1
f

<=1k

T8 < 3 {as 5]+ 161}
This implies

of
oA

|A2N A2N’<{K23

RIS A
thus by Lemma 6.2 we have that

E[|AZY — AZN||FN] < (¢ — )14 {Kzg

gi”ﬁ 191} BE#2)
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for all 0 < s <t < T. To bound the increments of A", define

By Lemmata 3.4 and 10.1 we have that sup ¢y E[EE\})] < oo. By (6.1),
PN — ALY| < (1 — ) VEER | 2.

We next turn to the martingale terms. We have that
E||B"N - BINPR#N] = [ Z/ ( Nnm (B N"MN") dr!fiv]
=S

1 N t o . 2
(S oo

B (|5 — BN = B

where

We have that

sup E[= g\,)] < 00 and sup E[ES\?;)] < 00.
NeEN NeEN

Collecting things together, we get that for any 0 < ¢t < T, 0 < u < J, and
0<v <AL,

E|((fomiu) o (Fod ) DIZN ] @ fond) o (Fomil) )
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2 N N N
SE[Q (<fnut+u>Ev<f7/'Lt >E)|yt }

)
< 46'4E HE%) + {Kg,g ‘ 8];”0 + ||f|y} =v+=0 + e?VEEQ?} ’%N] .

O
We can now prove the desired relative compactness.
LEMMA 6.4. The sequence {uN }nen is relatively compact in Dg[0, oc).

PrROOF. Given Lemmas 6.1 and 6.3, the statement follows by Theorem
8.6 of Chapter 3 of [EKS86]. O

7. Uniqueness. We next verify that the solution of the resulting mar-
tingale problem is unique. We will use a duality argument (cf. Chapter 4.4
of [EK86]). In particular, here duality means that existence of a solution to
a dual problem, ensures uniqueness to the original problem.

LEMMA 7.1 (Uniqueness). There is at most one solution of the martin-
gale problem for A of (5.4) with initial condition ™ x A,.

PrROOF. We will use the duality arguments of Chapter 4.4 of [EKS86].
Define E* US_, C°(PM). Let’s begin by defining a flow on E* as
follows. Fix f € E*. Then f € C®(PM) for some M € N. Fix next
(f)la P2... [SM) € 75M where p, = (pmy)\m) and p,, = (ama S\m,dm,ﬂ%,ﬁi)
for m € {1,2,--- M}. Define

M
(Tif)(b1,Bo - pr) d=efElf(ﬁ?l,ﬁf’Z---ﬁI’M)exp [— >/ Oxzv’"dsH
m=1"5=

where p;"™ = (p, \;"™") and

t ~ t
N A — / (A5 — X)ds + o / AL
s=0 s=0
for all m € {1,2,..., M}. We also define

o L of . . .
(Hy f)(P1,P2---PM, PM4+1) = Mﬂ%+1)\M+1%(pla P2...PMm)

for m € {1,2,...,M} and pyi1 = (Pm+1,Am+1) € P where pry1 =
(O[M.l,_l,)\M+1,UM+175]C\4+17,8}?4+1). Suppose that f € E* and that in fact
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f € C®(PM) for some M € N. Let ¢ be an exponential(1) random variable.

Set Fy def T,f for t < e. Select m € {1,2,..., M} according to a uniform

distribution on {1,2,..., M} and set F, def H,(T.f). Restart the system.

Let’s now connect F to . Fix f € E* and yu € E. Then f € C®(PM) for
some M € N, and we define

def

(7.1)  o(u, f) = f(P1,P2 .- Par)p(dpr)p(dp2) - - - u(dpar).

~/(f>17|52---|5M)675M

If we fix 1 =my <mg <mg...mpy1 =M +1and {fi}}, € C®(P) and
assume that

F(p1.pa...pur) = H{ 11 ﬁ(m)}

1<IKL | my<m<myp1—1
for all (p1,p2...pa) € PM then

L ~ mypp1—my—1
3, f) l:]_[l (Fiom)
By Stone-Weierstrass, we can thus approximate ® in S by linear combina-
tions of functions of the from ¢(-, f) of (7.1) for some f’s in E.
To proceed, let’s fix f € F and apply A to the function pu — ¢(u, f)
given by (7.1). It is fairly easy to see that if {/i} };>0 satisfies the martingale
problem for A, then for each f € F,

t
oliii. ) = | i, s+ M;

where M@ is a martingale and where, if f € C=(PM),

M
mims) =3 [ (1))
m=1"YP=(

p1,p2...pa ) EPM
+(Q, 1) (Lo f)(B)} 1(dP1)p(dp2) - . . p(dpr)
where L1 ,,, and Lo, denote, respectively, the actions of £; and L2 defined

by (5.3) on the m-th coordinate of f. On the other hand, we also have that
for p e E,

t
Pl F) = [ halyn Poyds + M
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where M®) is a martingale and

M
ha(u = [ (Can B dpe) . pldan)
m—1 " p=(p1,p2...par)EPM
1 M
+ 57 2 Aol Hif) = o, 1)}
m=1
Note that
1 M
— > o, Hnf)
i 2
M of
- iA1= (B)(dpa) . .. p(dp
rnZZI /'3(f’lvﬁ?---ﬁA/laf’N[+1)EPMJrl /8M+1 M+18)\m (p)lu‘( p2) M( pM+1)
M
- Z[ . (Q, 1) g (Lam f)(P)pu(dp2) - - . pu(dpar)
m=1 Y P=(P1,P2...pr)EP

Collecting things together, we have that

hl(:u7f) = hg(,d,f) +(P(M,f)

and this implies uniqueness. O

8. Proof of Main Theorem. We now have our first convergence re-
sult. Let Qu be the P-law of u'V; i.e.,

Qn(A) €PN € 4}

for all A € B(Dg[0,)). Thus Qy € Z(Dg[0,0)) for all N € N. For

w € Dg[0,00), define Xy(w) d:efw(t) for all ¢t > 0.

PROPOSITION 8.1.  We have that Qn converges (in the topology of Z(Dgl0,0)))
to the solution Q of the martingale problem generated by A of (5.4) and such
that QX = 6xxa, . In other words, Q{Xo =7 x Ao} = 1 and for all® € S

and 0 <7y <ro...ry=5<t<T and {1, 3-]:1 C B(E), we have that

N—o0

t J
lim EC {{@(Xg o) - [ (B [T %(er)] ~0
r=s ]:1

where EQ is the expectation operator defined by Q.
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PROOF. The result follows from Lemmata 5.1, 6.4, and 7.1. Of course, we
also have that for any ® € S,

EQ@(X0)] = lim E%[(uf)] = B(r x Ao)
which implies the claimed initial condition. ]
We next want to identify Q.
LEMMA 8.2.  We have that Q = 0, where [i is given by (4.5).

PROOF. Recall (4.4) and the operators L1, L from (5.3) and the defini-
tion of @ in (4.3). For any f € C*(P),

(fvﬂt>E:/

p=(p\)EP

B[ 3@ e [~ [ Xi(oyis] | mtdp)rc(an),
Thus

GUme= [ e[ e [ x|

t

t [ E[ne e e |~ [ Xi(p)ds]] wdpaday
p=(p,/\)€77 s=0
= (L1f, ) + Q) (Lof, fir) -
To proceed, define

t
GO [ e B[ |- [ x@)ds) | nlapinc(an),
p:(a7X7o-7/BC7BS) 87

On the one hand, we have that

N _/ sepyep  POA(dD) = = (Q,fir)
p=(a,\,0,6,8%)

We want to show that

(8.1) G(t) = —Q(t).
Indeed, fix p = (p,A) € P where p = (o, X\, 0, 3%, 3%). Define

M exp [0 = 3200 - [ - Q) +adyar— [ xi(pyar]
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for 0 < s < t. Using the calculations of [DPS00],

dM, = dM, + {BP(t = $)AI(B) — P (t — s) {—a(Ni(B) — ) + Q(s)}
+%(72(bp(t —9)PAZ(B) + WP (t — ) (Q(s) + a) — /\z(ﬁ)} M,ds
= dM;

where M is a martingale (we use here the ODE (4.2)). Noting that
My = exp [—bp(m — /to WPt — 1) {Q(r) + a)} dr]
M, = exp [— / t_o Ajf(f))dr]

we have that
G = [ pprep O exp [~ (DA

p:(a7X70—7/6C 7/63)

- /tzo bP(t —r) {Q(r) + e} dr} 7(dp)Ao(dN).

Differentiating this, we get that

G(t):—/ omer [l}p(t)A+/Tt:06p(t—r){Q(r)+oz)\] dr}
A,

p=(a:, 0,69,6%)
X exp [—bp(t))\ - /:O WPt —7r){Q(r) + ar} dr} 7(dp)Ao(dN)
=-Q(1)

where we have used the defining equation (4.3) for . Thus (8.1) holds, so
we have that

d
o (fol) g = (Lof, ) g +(Qs fie) g (Lo, ) s -

Thus '

D) = Do) + [ (A®)(ic)ds.

and hence 0 satisfies the martingale problem generated by A. Of course we
also have that fig = m X Ao. By uniqueness, the claim follows. O

We now can finish the proof of our main result.
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PROOF OF THEOREM 4.2. Since weak convergence to a constant implies
convergence in probability, we have (4.6). Using the fact that the map ¢ :
P — 1isin C(P), LY is a continuous transformation of uV into Dg[0,0).
From (4.7) we have that

lim P {da(LN,F) > 6} =0

for each 6 > 0. To finish the proof, we need to replace the Skorohod norm

dgr by the supremum norm. From (4.8) we have that Kp e SUpg<eq (1) is
finite for each T > 0. To get the claimed convergence, we adopt the notation
of Chapter 3.5 of [EK86]. For any nondecreasing and differentiable map ¢
of [0, 7] into itself and any ¢ € [0, 7], we have that

L = F()] < Ly — Fg(t)| +[F(9(t) — F(1)]
< sup |Ly — F(g(t)| + Krlg(t) — 1]

0<t<T
< sup |LY = F(g(t)| + KrT sup [g(t) — 1]
0<t<T 0<t<T
< sup |L3 — F(g(1))|
0<t<T
—|—KTTmax{ exp l sup |logg(t)|] -1],
0<t<T

2

sup |LY — F(t)| < dg(LY,F) + KTTmax{‘exp {dR(LN,F)] -1
0<t<T

exp [— sup Ilogg(t)!] -1
0<t<T

Varying g, we get that

)

‘exp [—dR(LN, F)} - 1‘} .
The claim now follows; note that F' and L both take values in [0,1]. [

9. Conclusion and Extensions. We have developed a point process
model of correlated default timing in a portfolio of firms, and have analyzed
typical default profiles in the limit as the size of the pool grows. Our empiri-
cally motivated model captures two important sources of default clustering,
namely the exposure of firms to a systematic risk process, and contagion.
We have proved a law of large numbers for the default rate in the pool.

There are several potential extensions of our work. For example, the de-
fault intensity dynamics (2.1) can be generalized to include a dependence
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on the systematic risk process of the magnitude of the jump at a default.
Then, the impact of a default on the surviving firms depends on the state of
the systematic risk: intuitively, if the economy is weak, firms are fragile and
more susceptible to contagion. This generalization of the intensity dynamics
is empirically plausible, and can be treated with arguments similar to the
ones we currently use.

10. Proof of Lemmas 3.1, 3.2, 3.4 and 4.1.. In this section, we
prove lemmas 3.1, 3.2, 3.4 and 4.1. For presentation purposes, we first collect
in Lemma 10.1 some a-priori bounds that will be useful in the proof of these
lemmas. Then, in Subsection 10.2 we proceed with the proof of Lemmas 3.1,
3.2 and 3.4. We mention here that the square-root singularity unavoidably
complicates the analysis. The theory behind CIR-like processes is a bit deli-
cate due to the square root singularity in the diffusion, so we need to develop
some new modifications to existing results (cf. [KS91, IW89, RY91]). Lastly,
in Subsection 10.3 we prove Lemma 4.1.

10.1. Effect of Systematic Risk. Our first step is to get some usable
bounds on the systematic risk X. We need these bounds since, as we men-
tioned in Section 3, the A\;dX; term contains the term A\; X;dt, implying that
the dynamics of the R?-valued process (\, X) contain a superlinear drift.
Note that the systematic risk process X of course has an explicit form;

t
X; = e My, + / Al A VA N
s=0

Fix p = (a, )\, 0,89, %) € P, Ao in Ry, and € as required in the beginning
of Section 3. Define

def S t
I'i'=at+p ’y/ X,ds
s=0

def s [t c [t r
Zt:)\o+a)\/ e *ds+ (3 / e *d&
s=0 s

_rt t
= )\o+a)\/ elds + ¢ {ert& —/ ersﬁs(a—i-ﬂS’st)ds}
s=0 s=0

t
=X + el {aj\ — 3%, (a - ﬂs’st) } ds + BC¢et
s=0
for all t > 0. The alternate representations of Z will allow us bounds which
are independent of &.
Our first result is a bounds on X, I', and Z which explicitly depend on
various coeflicients. The importance of the bound on the moments of Z; is
that they do not depend on &.
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LEMMA 10.1. For eachp>1 andt >0,

/(2p) 1 /(2p)\V®
}1 - §|$o|+2\ﬁ<p'>
E fexp ()] < exp ||p| {at + [8%c]} + 5 (55

}1/(217)

E|X;?

1/(2
S )\o + ‘/80|E |:6—2pf‘t} /( p)

41/ 2p) < / i [e—4prs} ds)
s=0

% {a;\tl/(‘lp) + awcytl/(@)

t 1/(4p)
oo ([ B[xi]as) .
s=0
PrOOF. We first bound X. For every p > 1 and ¢t > 0
t 1/(21))
/ e =) gy, }
s=0

B t (2p)! 1/(2p)
vt —2v(t—s
ol ‘ * \//520 e ds ( 2pp! )

_|xo‘+\/127<(22$')1/(2p) o +\1/7<(2p)>1/(2p)'

E |z

1/(4p)

E [X2p] 1/(2p) < ’xoeﬂt’ n {E l 2p

Next note that
t t s
Iy =at — ﬂsfy roe ds — 537/ {/ eV(ST)dVr} ds
=0
=at—pf :Uo{l—e Vt ﬁsfy/ {/ V(S_T)ds}dvr
t
=at — x4l —e / 1— e t=7) dV,.
Fao{t—etp 5% | { J

Thus for any p € R

E [exp [p[¢]] = exp {p {ozt + 3%, (1 — e_wt)}
+ (pﬁ;)2 /;O {1 - e_W(t_r)}z dr]

< exp [l {at + 18} + 5 (81




DEFAULT CLUSTERING IN LARGE PORTFOLIOS: TYPICAL EVENTS 31

We can finally bound Z. We have that

o r < o S 2p11/(2p)
([ o= formn)ar)|

}1/(219) ‘

B [Ztgp}l/@p) <AL E

+ |ﬁC|E {G—Qprt

We also have that
¢ K/st_o e {0‘5‘ - 89, (a + ﬂS’YXs) } d3> ﬂ o

E K/stzo e%%ds)p (/::O {aj\ — g%, (a n ﬁSvXS) }2 ds>p] 1/(2p)

( /s tzo eQFsd3> QP] 1/(4p)

ew|([, i e )ya)]

] 1/(4p)

IN

<E

< t-1/@R {/t e 1Pl
s=0
b 2 1Y/(P)
x E / A= 8%, (a+ B5vX, d}
[ {ar- 0% (a s 559x) ) T s
¢ 1/(4p)
< $1-1/C) ( | Bl ds) {aAt!/(P) 1 o] g1 /(4P
s=0

t 1/(4p)
+16°3%|E U Xﬁpds] } .
s=0

Combine things together to get the bound on Z. O

10.2. Proof of Lemmas 3.1, 3.2 and 3.4.. Let’s next understand the reg-
ularity of various CIR-like processes which we use. Before proceeding with
the proofs, we define a function 1, (x) that will be essential for the proofs. It
is introduced in order to deal with the square-root singularity. In particular,
let

of 2 || e
wn@ S s [P ey and () 2 o] - v a)
Y z

~ Innt Jy=o =0 Z

for all z € R.
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Let us then study some important properties of () that will be repeat-
edly used in the proofs. First, we note that 1, is even, so g, is also even.
Taking derivatives, we have that

2 2 1

. z ] "
Yp(z) = W /z:o ;X[n,nm](z)d?f and  1y(z) = W;X[mnm](l’)

for all x > 0. Since g, = —v¢, <0, g, is nonincreasing. For x > /7,

Inn*/2 —1Inn _0
Ini -
n

gn(l“) =1-2

so in fact g, is nonnegative on (0, 00) and it vanishes on [,/7, c0). Thus gy, is
nondecreasing and reaches its maximum at /7. Since g,(0) = 0, we in fact
have that

0 < gn(x) < 95(v/n)

for all > 0. Since g, is nonincreasing on (0, 0o) and g,(x) = 1 for z € (0,n),
we have that g,(z) < 1 forall z € (0,,/m), so g,(\/1) < /1. Since g, is even,
we in fact must have that |g,(x)| < /7 for all z € R. Hence

|z] < 7/)77(33) + \/77
for all x € R. We finally note that
- 2 1 2 ) 11
’1/’77(50)’ < me[n,oo)ﬂﬂ) < lnnlmln{m’n}
for all x € R.

Now we have all the necessary tools to proceed with the proof of the
lemmas.

PROOF OF LEMMA 3.1. For each N € N, define

ity e LY

N
for all ¢ € [0,T]. For each N € N, define

yN _ g/to ers/z\/(ygfyv(s) +Z,) v ww;w/to (YN +2Z) vo)avs.

We will show that (Z; +Y,V)e't converges to a solution of (3.1) (as N/ o).
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As a first step, let’s bound some moments. Fix p > 1. For 0 < s <t < T,
[KS91, Exercise 3.25] gives us that
2p‘|

e[|/ (v +2) voyan
< -1y - [ ' [((v +2) vo)”
|

< (2 -yt -y [

E
t
<2l pp - )pe- s { B |V,

+ / [12,7] dr}
Similarly,

t
r./2 N *
E { / e \/ (YX ) +2:) v 0dw;

< (e~ 02— sy [

=S

=S

:

E {ep L

(Y MEES Zr) v 0")] dr

< oep-0re - { [ B[] B[V + 2"}
S%(p(?p—l))p( s)P1 /Tt:SE{e2pFT}dr

t 2 t
+22P*1/ E[‘ngx(r) ”] dr+22p’1/ E ||Z,]*] dr}.

We can bound the effect of Z by Lemma 10.1. Collecting things together,
and using the fact that on(t) < t, we have that there is a K4 > 0 such that

E UYQJXI(t)‘zp:l < Ka+ Ky /QN(t U on(s) ]

2p
<Ka+ K4 /_OIE UYQN(S) } dr

for all N € N and ¢ € [0, 7], which in turn implies that

2
(10.1) sup E ‘Yg]]\fv(t)‘ p] < K qefaT
0<t<T
for 0 <t < T. This in turn implies that there is a Kg > 0 such that
2p 1
102 BV -vN["] < Kalt- e OF < Ko
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forall 0 <t <T.
We next want to show that YV converges in L'. Fix N and N’ in N and
define /
YN Y
Fix also n > 0. We have that
N,N’ N,N' 1,N,N’ 2,N,N’
e IS g ) + i = 0P ATT + BPAPTT + Mo+

where M is a martingale and

AP = % /S to AR {\/ (YN +Zs) VO
2

\/(YQ]]\\[,/(S) + ZS) v 0} ds

/ (VN

t €F5¢n( NN {‘ NN)_i_

2 s=
}ds

| /\

N/
()~ Your(s)

QN

| /\

on(s)
N’
+ - YQN’( )

1 t r
< e s
~ 2Innp~! /Szo {
o1 /t { 2r5+{
“4lnn1 Jsmo €
2
} }ds
1 t or 3
< s
< /s:o{ +34
YNI(S) }dS
/ 1 t . !/
AP = 5/5201/)77(V§V’N){((YN(3) +2Z,) v 0)
Nl
—((Y ,()+Z)\/0)} ds
NN N/
— 2/ ¢77 ’ on(s) Y (s)
3
<5 [ e {

-2 s=0
2
}ds

N N
— Y =Y, ] T

N’ N’
Ys = Y,(s)

on/\s

s

1 N
Y Y on(s)

Nl
—Yori(s)

OnN’

on (s)

2

2

N(S)

+

N’
= Ys)

OnN’
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3 ¢ 1 2
< /2 ds.
~ 2lnp! /s:0 {77 * } i

In the bound on AHNAY ; we have used Young’s inequality, and in the bound
on A2V e have used the fact that the support of zpn is contained in
[0, /n]. Collecting things together, we have that there is a K > 0 such that

1,N,N' K 1 1
B4 < Iny~! {1+ Nzt N’n2}

/ K 1 1
2,N,N
B < e )

for all ¢ € [0,T]. Thus

2

1 yN _yN

1N o
s Yone| To¥s

on(s)

Ko2 Kﬁ%l/z

li E <
m Bl < Vi f o+

N,N'—o00

for all ¢ € [0, T7]. Letting n \, 0, we indeed get that limy n'—.oc E[|1; N, N,H

We thus have that

vl E[v;Y -y =o0.

For any p > 1, we also have by interpolation and (10.1)—(10.2) that

MR AR AR R TRV AR AR AR A
=0.

Thus there is a solution Y of the integral equation
¢ ¢
Y, :a/ es/? (1@+zs)v0dwg+ﬁ/ ((Ys + 2,) v 0)dV,
s=0 s=0

such that sup,cjo ) E[[Y[P] < oo for all 7" > 0 and p > 1. Setting y, ¢
Zy +Y;, we have that Y; € Np>1LP and that

_ t = t_
Yt:Zt+o/ e/ [V, v 0dWE + 3 (Ys v 0)dVs.
s=0 s=0

We claim that Y is nonnegative. For each n > 0 we have that
o2 rt . ~ B
(T (F3) = Uy Q)xe-() + 5 [ (T (F)e 2 (T2 v 0) ds

/ 1/)77 XR )(Y \/0) ds + M;

where M is a martingale. Taking expectations and then letting 1 ~\, 0, we
have that E[Y, ] = 0. We finally set \; L c~T1¥;. The claim follows. O
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PROOF OF LEMMA 3. 2 Let A and A be two solutions of (3.1). Define

def Aeel't — Z, and Yt /\’ It _ Z,. Since X and )\ are assumed to be
nonnegatlve, Y and Y’ satisfy

t t
Y, = a/ Y+ ZodWE + 55/ (Y, + Z,) dV,
s=0

t t
Y’:J/ e Y! + ZdWE + 5/ Y] + Zs) dVs.
f=o | | (7))

S=|

Set v d:efYt —Y/. For each n > 0,

2 41 $\2 42
vl < () + i = AL + (8%)" A7 + My + i
where M is a martingale and where
1 /t . 1 t
=3 (% Vs { Yo+ Zs — Y’+Z}d8< / elsds
n( Vv \ e

/ 1!11/ 2ds< 1/2t
n\Vs

Inn~
Collecting things together, we have that
Bll) < v+ o { Vit + [ Eleds)
Let n \, 0 to get that Y = Y”. The claim follows. O
Let’s next prove the needed macroscopic bound on the \V:™’s.

PROOF OF LEMMA 3.4. For each N € Nand n € {1,2,..., N}, define

t
def
I aN,ntwfv,ﬂ/ )
S=

t N,n t
ZNn d_ef)\Nno"_aNn)\Nn/ er d$+ﬁ]€77n/ eFSdLiV
S

s=0

and let YN satisfy the equation

t
N N,n N, N
YN = o [ Y Yy
s=0

t
+ azvﬂ,s\;m/ (YSN,n + ZéVn) dVy;
s=0
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then A" = B (YtN” + ZtN") We calculate that

2p}

{6—2;;1“57" 121 (‘YtN,n‘Qp I |ZtN,n|2p)} .

AP <

N,n
{0 4y Vg Z0n

IN
N =N =

From Lemma 10.1, we have that

sup — Z E [62th } and sup Z E [|Z,;N’n|2p}
o<t<t N = o<t<t N “—
NeN NeN

are both finite.
For each N € Nand n € {1,2,..., N}, we compute that

t
E [[Y,Y"[*] = p(2p 1) {OJQVn/
S

2 (55 )2 . N,n|2p—2
+eN (ﬁN,n> / O]E[|Ys P
Ss—=

To bound the integrals, we have that

E [|YSN’”|2”_26F£V’n ‘YSN” + ZéV"H ds

| as}.

N, N,
1/5 n+ZS n

‘YvSN,n‘prZeFév’"

1 N,n —1
Y*SN,n + Z;V,n‘ < 762th + b S ‘Y;N,n‘Qp

> 2p
1 2p
+ % Y;N,n + Zé\/,n‘
< ie2p1“§v’" + EmNanﬁp
2p 2p
22p71 Nmn 2p Nmn 2p
* 2p { Y ‘ + ‘ZS ‘ }
2 —1 1 2
|YSN,n|2p—2 ‘YSN,n + Zé\/,n‘ < p |}/SN,n|2p+ - ‘}/SN,TL +Z£V7n‘ p
p p
< pb— 1 ’YvSN,an
22p—1
+ {|}/;N,n 2p + ’ZéV,n‘Zp} )

Combining things together, we have that there is a K > 0 such that

B (V) < ke {0+ < (%)} { [ B 0] o

s=0
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t
+ / QPF ds+ / }
s=0

for all N € Nand n € {1,2,..., N}. Using Assumption 2.3 and averaging
over n, we get the claimed result. O

10.3. Proof of Lemma 4.1..

PROOF OF LEMMA 4.1. Define a homeomorphism & of C[0, c0) as

@(q)(t)d:ef/ ()P B¢ {bp /\+/ BP(t —r) {q(r +aA}dr]

p=(a,\,0,6,5%)
t B
X exp [—bp(m _ / W(t — 1) {a(r) + o) dr} (dp)Au(dN)
r=0
for all ¢ € C[0,00) and t > 0. Note that since b, ¢, and A are all nonnegative,

0 < exp [—bp(t))\ - /:0 Wt —r) {q(r) + ar} dr} <1.

We can then set up a recursion; we want to solve @@ = ®(Q). Note that there

is a K > 0 such that
t
0| < K/ g(r)dr
s=0

for all nonnegative ¢ € C10, c0).
For any ¢; and ¢y in C[0,00), we have that

D(qr)(t) — ®(q2)(t) = T¢(q1,q2) + Ti(q1. 42)

where

¥ (a1, 92) dzef/ {/ / —(pN)eP B (¢ — 5) {q1(s) — q2(s)}

A, ,ﬂc,ﬁs

xexp [= A= [ 90— [aalo) + 0@ ()

—q2(r))} + ] dr} w(dp)Ao(d)\)de} ds

(g1, q2) € —/ {/0 o/ p=(p P {bp(t))\

=(a,\,0,69,6%)
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+ ;O P (t —7) [{ga(r) + 0(q1(r) — g2(r))} + @] dr}

< (1Pt = 5)(an(s) — aa(s))}
<o | = POA = [Pt 1) [{aal) + 0lai(r) ~ a2r)

+a)] dr} m(dp)Ao (d)\)de} ds.

Standard techniques from Picard iterations give us the result. O
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