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ABSTRACT

We develop a simple and computationally efficient signifi-
cance test for the features of a predictive model. Our forward-
selection approach applies to any model specification, learning
task and variable type. The test is non-asymptotic, straight-
forward to implement, and does not require model refitting,.
It identifies the statistically significant features as well as
feature interactions of any order in a hierarchical manner,
and generates a model-free notion of feature importance.
This testing procedure can be used for model and variable
selection. Experimental and empirical results illustrate its
performance.
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1 INTRODUCTION

Machine learning models are notoriously hard to interpret.
This is an important issue in many application domains.
Superior predictive performance alone is not sufficient; model
stakeholders require interpretable models to make model-
driven decisions. In this paper, we develop a computationally
efficient method to assess the statistical significance and the
importance of the features of a predictive model. The method
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provides statistical insight into a ”black-box” model and can
also be used to perform model and variable selection.

Main contributions. Our significance test is based on a
novel application of a forward-selection approach. It can be
directly applied to a trained model, does not require model
refitting, and is easily implemented. The test compares the
loss for a fitted model when only an intercept is active with
the loss when both an intercept as well as a feature are
active. The loss difference captures the intrinsic contribution
of the feature in isolation, leading to an informative notion
of feature importance. We call this test procedure Single
Feature Introduction Test (SFIT). When used to inform
model and variable selection, this approach has the advantage
of being robust to correlation among features. Additionally,
we introduce an auxiliary type-I error control parameter
which prevents false discoveries due to a model’s susceptibility
to non-informative features. Other advantages of our method
include: (1) it does not make any assumptions regarding the
distribution of the data nor the specification of the model,;
(2) it can be applied to both regression and classification
problems and both numeric and categorical features; (3) it
naturally extends to the analysis of higher order feature
interactions in a hierarchical manner. For the specific case
of a neural network, we propose a strategy to reduce the
search space for testing significant higher-order interactions
by leveraging links among the network parameters.

Related literature. Most previous work that seeks to
explain model predictions assesses the relative contribution
of features. Examples include [21], [2], [8], [19], [9], [16]. [11]
provides a review. Our work also offers a measure of feature
importance, but additionally provides a rigorous statistical
test of feature significance.

Existing tests of feature significance tend to be compu-
tationally expensive or are only valid asymptotically. For
instance, a likelihood ratio test can be used to perform as-
ymptotic inference ([24]). This approach is computationally
demanding because it requires fitting a model for each in-
dividual variable to be tested. Moreover, in case of model
mis-specification, the asymptotic distribution is challeng-
ing to compute, especially in the high-dimensional settings
that are the norm rather than the exception. Other general
non-parametric testing methods include goodness-of-fit tests,
conditional moment tests (see Section 6.3 of [12] for a re-
view) or derivative-based tests such as [18], [13]. To perform
these tests, the null distribution of the test statistic is either

1There are a number of model-specific approaches. For neural networks
see, for example, [20], [17], [22], [14], [26].
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estimated via bootstrap or is derived asymptotically under
a specific choice of non-parametric model. In contrast, our
method provides statistical guarantees that hold in finite-
sample regimes without depending on a specific model or
requiring a bootstrap procedure. Furthermore, because our
method does not require model refitting, it is attractive for
models that require a relatively long training time such as
neural networks.

An alternative finite-sample approach has been developed
in the framework of “knockoffs,” see [3], [7], and [4]. This fea-
ture selection procedure provides false discovery rate control
and is partially model-free in the sense that it does not make
any assumptions regarding the distribution of the outcome
conditional on the inputs. However, it requires to either spec-
ify the distribution of the features or to approximate it. This
approach requires including additional “knockoff features’
during training which can alter the predictive performance
of the model. Similar approaches proposed by [23] and [6]
also require the ability to sample from the conditional dis-
tribution of the feature to be tested given the remaining
variables. In contrast, our method directly applies to any fit-
ted model, does not impose assumptions on the distribution
of the features, and does not require the ability to sample
from a specific distribution.

Our approach is inspired by the Leave-One-Covariate-Out
(LOCO) method of [15]. These authors propose an inter-
esting finite-sample, model-free inference framework. Their
approach entails removing the feature of interest from the
feature set and evaluating the impact on predictive perfor-
mance. Unfortunately, this approach suffers from the same
computational inefficiency as a likelihood ratio test. More-
over, this approach is highly susceptible to collinearity. This
is an important issue because one often has high-dimensional
feature sets with correlated and redundant features. To
illustrate the issue, consider the following toy regression:
Y =2+ X1 + X2 +¢, where (X1, X2) ~ N((0,0)7,%) and ¥
is a covariance matrix with off-diagonal elements equal to 0.85
and € ~ N(0, 10). Since the variables are highly correlated,
we have Y =~ 242X + ¢ =~ 2+ 2X3 + ¢, meaning that remov-
ing a variable is unlikely to significantly impact predictive
performance. Simulation tests show that the LOCO method
considers each variable as insignificant half of the time (0.503
and 0.498).2 The SFIT method we propose identifies both
variables as significant for all simulations, meaning perfect
power.

Section 2 develops SFIT and its implementation. Section
3 illustrates its performance through simulations. Section 4
provides an empirical application to a credit default dataset.

i

2 SINGLE FEATURE INTRODUCTION
TEST (SFIT) PROCEDURE

2.1 Description

Consider i.i.d. data Z1,...,Z, ~ P with Z; = (X;,Y;). X; is

a random vector of size (p + 1) that contains the p features

?Based on averaging the results of 3,000 tests, each time performed
using new simulated training and inference sets of 1,000 samples each.

Horel et al.

plus an intercept at the first coordinate. The features can be
a mix of numeric and categorical variables, the latter ones
being one-hot encoded. Y; can be either a real number in
the case of a regression or an index from {1,2,...,C} in a
classification setting. We split {1, ...,n} into two subsets Z;
and Zo and let D, = {(X;,Y:) 11 € I}, k=1, 2.

We are given a predictive model p that has been trained
on D;. This model will typically estimate the conditional
mean E(Y|X) in a regression or the conditional probabilities
P(Y = :|X) in a classification. To evaluate the importance
of an individual feature j, we define the transformed vector
Xfl’j ) , which is obtained from X; by setting all entries but

the j' and the intercept to 0. We abbreviate XZ.(I) = Xi(l‘());
this is the vector for which all entries but the intercept
are 0. We choose a loss function L(Y, u(X)). For exam-
ple, for a regression we may take the absolute deviation
L(Y,u(X)) =Y — u(X)| while in a classification the cross
entropy L(Y, u(X)) = —log({u(X)}v).

For 3 € [0, 1], consider

Af = 25(X0,Y) = (1=B)L(Yi (X)) =L (Vi (X)),

This is the difference between (1 — 3)% of the loss using the
intercept as the only predictor (the baseline) and the loss
using the intercept plus the feature j. We consider (1 — )
times the baseline loss rather than the loss itself to make the
test more robust to non-informative variables and control
its type-I error. Below, we will further justify the role of g.
Further define the statistic m;, which will be used to assess
the significance of feature j:

7y = median;ep, Aj

for 2 < 57 < p+ 1. This is the median over the inference
set Dy of the loss differences. Intuitively, r; represents the
predictive power of variable j compared to a baseline model
that only has an intercept term. A larger value is associated
with higher predictive power.

There are two fundamental differences between the SFIT
statistic and other related significance statistics such as the
likelihood ratio or the LOCO statistic. (1) Rather than remov-
ing one feature at a time to assess significance, we introduce
one feature at a time to evaluate its impact relative to the
baseline intercept. This approach has two advantages. First,
it defines a more intuitive notion of variable importance by
measuring the exclusive effect of a feature on the prediction.
Another advantage is robustness to correlation among fea-
tures. If two variables are highly correlated but important,
our method will identify both as significant. (2) By applying
the fitted model on the masked vector Xi(l’j)7 we eliminate
the need to refit a new model on the intercept and the j**
variable. The obvious advantage of this is computational
efficiency, which is rather important for models that can take
a long time to train (e.g. neural networks). It further allows
us to perform inference directly on the model of interest and
not on a newly trained one. Finally, by zeroing out all the
other variables, we are guaranteed to capture the exclusive
effect of a variable.
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The choice of setting variables to the value 0 is somewhat
arbitrary; what matters most is to constraint the variables
to keep the same value across all variables. Indeed, what is
being tested in this procedure is whether or not the variance
from different values of a variable adds predictive power over
keeping a constant value. Because it is common practice
to center and scale continuous variables in pre-processing,
zeroing them out has the interpretation of setting variables to
their mean value. However, for one-hot encoded categorical
variables, this approach can understate significance in cases
where most values are already equal to 0. In those cases, we
recommend setting the values equal to a number between
zero and one.

2.2 Statistical inference

The statistic m; will be used to construct a finite-sample
significance test. We assume that the distribution of A;(X,Y")
conditional on the training set D; is continuous and consider
its median,

m; = median x,y) [A;(X,Y)[D1].

Our goal is to obtain finite-sample confidence interval for
m; and perform the following one-sided hypothesis test of
significance:

Hoy : mj <0versus Hy : mj >0 (1)
using the statistic m;.

THEOREM 1. Let’s assume that the distribution of A;(X,Y)
conditional on the training set D1 is_ continuous and let’s de-
note by n;', the number of times Aj > 0 fori € Io. Then,

e the test defined in (1) can be performed as follow given
a level of significance a:
—if nj > qi—qo: reject Ho,
— z'fnj+ < q1—q: accept Hy,

— otherwise: reject Hy with probability W
nj =dl-«

where qi—q 18 the quantile of level 1 — a of the binomial
distribution B(nz, 3) with na = |D2| and F and f are
its distribution and density functions respectively,

e this test is uniformly most powerful.

Confidence intervals for m; can be obtained by invert-
ing the previous binomial test and using the order sta-
tistics Ay). This leads to a sequence of nested intervals
[A;l), A;"”], [Af), A;nz*l)] where the k'™ confidence inter-
val [A§l+k),A§-n27k)] will have an exact coverage equal to
1—-2P(B < k), where B ~ B(nz, 1/2). These confidence inter-
vals have exact finite sample coverage but the coverage level
« cannot be chosen exactly but has to be chosen among the
values o = 2P(B < k). An alternative is to consider asymp-
totically valid confidence intervals with coverage approxi-
mately equal to 1 — a (due to ceiling and flooring) given by

n 1 V4 n 1 V4
[AL. 22+ —G1—ay2 Y52 A( 22+ ta1—ay2 Y52
J b

y W] where ¢, is the
a-quantile of a standard normal variable.

Algorithm 1 provides the steps required to test significance
and obtain confidence intervals.
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Algorithm 1: First-order SFIT
Input: Model u, dataset Do = {X;,Y icz,,
significance level «, 3, function
BINOMTEST(#successes, #trials, hypothesized
probability of success, alternative hypothesis)
that outputs the p-value of a binomial test
Output: Set of first order significant variables S; and
their related confidence intervals C;
S1 =10, C1 = 0, generate the masked dataset
(xMieT)
for j=2top+1do
Generate the masked dataset {Xi(l’j) 11 € Do}
Compute

Ay = (1= B)L (Y (X)) = L(Yi, u(X))

for all 1 € Zs ;

+ , .
n; = ZieIz 1{A;>o} )

if BINOMTEST(n ), n2,1/2, greater) < a then

S =8 U{j};
Cilj] = ) )
[AJL"22+ —q1_0/2@J7A§%+q1_0/2@-\} :
end
end

The only parameters one has to choose to perform the test
is the significance level «, the parameter 8 and eventually
the relative sizes of the training set D; and test set Dy if the
model has not been trained yet. The significance level o can
be set at a fixed value chosen by the user such as 0.05 or 0.01
or can be determined adaptively to control false discoveries
of significant features. Indeed, in a high-dimensional setting
where many tests would be performed, false discoveries are
more likely. Because of the dependency of our tests, we suggest
using the FDR control method under dependency described
in [5]. The size of the test set D2 should be at least several
thousand to be able to detect features or interactions that
have small predictive effect as demonstrated in [10].

The parameter (3 is crucial when this test is used to per-
form model and variable selection: it makes the test more
robust to false discoveries due to potential model over-fitting.
For instance, recent works [29], [25] have shown that despite
having good generalization properties, deep neural networks
often tend to be over-parametrized and can overfit the train-
ing set. In practice, over-parametrization implies that the
model might over-utilize non-informative features. Increasing
the degree of model regularization can mitigate this issue.
However, since we consider the model as given, we cannot
control the regularization during training. Therefore, instead
of regularizing the model, we regularize the test through the
B parameter. Increasing [ will reduce the number of non-
informative features selected. However, after a certain point,
the test will fail to select the informative variables by being
too stringent. Hence, 8 can control the trade-off between
false discoveries and false rejections. Our numerical results
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indicate that without 3, the test would suffer from high type-
I errors, i.e. considering many non-informative features as
significant. A user can decide on a (typically small) value for
B by determining the tolerance for false discoveries vs. false
rejections.

From a model and variable selection perspective, the goal
is to inform the user on what features should be kept as useful
input of the model and what are those that can be discarded
since irrelevant. Hence, we can define 8 as the parameter
that control the false selection rate (F'SR) introduced in [27]
as the proportion of uninformative features included in the
model. Formally, the F'SR is defined as:

U(p)

FERE) E<1+I(6) +U(ﬂ)>

where U(S) and I(8) denote the number of uninformative
and informative variables selected respectively. In order to
minimize the likelihood of not selecting informative feature,
one looks for the smallest value of 8 that maintains the F'SR
below a certain chosen threshold v (e.g. v = 0.05 or 0.01). In
this framework, the optimal value of beta that we denote 3*
can be defined as the solution of the following optimization
problem:

min [
st. FSR(B) <«

Because, the F'SR cannot be directly computed, [27] pro-
pose to estimate it by adding a known number of uninfor-
mative pseudovaraibles to the dataset and monitoring the
proportion of pseudovariables falsely selected. This has the
disadvantage of requiring to refit the model on the extended
dataset which we want to avoid in cases where training time
is long. Besides, the inference is now done on a different
model trained on altered data and no more on the original
model of interest. As an alternative, we propose a data-driven
approach to choosing 8 which is inspired by the parameter
randomization test described in [1]. The idea is based on
the following observation: a model whose parameter values
have been chosen randomly rather than through a fitting
procedure should not have any significant predictive power.
Any predictive effect exhibited by the random model should
be considered as noise. 8 can be chosen to ensure that our
method applied to a random model would consider all fea-
tures as non-significant. More specifically, we can loop over
increasing values of 5 on a logarithmic scale. For each value,
we generate many models with the same structure as the
model to be tested but with randomly chosen parameter
values. We compute the average false discovery rate (ratio
of features found as significant by SFIT over the random
models) and compare it with «. If it is smaller than «, then g
is large enough and we can stop. Otherwise, the next largest
value of 8 is chosen and the procedure is repeated. The test
set D3 should be split into two subsets: a validation set D,,
used to determine 3 and a test set D2. Given an optimal B,
the tests can now be performed on the test set D2. The only
difference to what was presented before is that inference is
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now done on the median of the distribution of A; conditioned
on both D; and D,.

2.3 Higher order effects

The SFIT method allows one to obtain a hierarchical represen-
tation of feature importance. Indeed, Algorithm 1 described
in the previous section selects the variables that are signifi-
cant by themselves but can fail to select the variables that
interact with other variables. As an illustrative example, let’s
consider the following model p(z1,z2,x3) = 1+ z122 + 273.
Only the third feature would be considered as significant here
because setting one of the first two inputs to zero annihilates
the effect of the other. This means that a variable consid-
ered as non-significant by a first-order SFIT method might
still have predictive power through a second or higher order
interaction.

Given the set of features selected by a first-order SFIT, we
can first check that there are some significant higher-order
interactions that potentially need to be uncovered. Similar to
the previous procedure, one can look at the prediction error
difference between two models: (1) the model that includes
only first-order significant variables and (2) the model that
includes all variables, and test whether this difference is
significantly greater than zero.

If this test highlights the predictive power of higher-order
effects, then we can start looking for variables that would
impact the outcome through second-order interactions. To
do so, we would go over all the variables considered as non
significant by the first-order SFIT, pair them with every
other variable one at a time and test for the significance of
the resulting interaction. A distinction has to made whether
the variable to be tested is paired with a first order sig-
nificant variable selected by Algorithm 1 or with an other
non-significant variable. In the former case, if we denote by
j the variable to be tested and by k the significant variable
it is paired with, then the metric Aj- has to be updated as

83X Ys) = (1= AL (Y u(x["P)) = L(Yin(XP) )
In the latter case where variable j is paired with k that is
also non-significant, the metric A; is simply A% (X, Y;) =

(1= B)L(Yen(X1)) = (Vi u(xM) ).

This higher-order procedure is designed to reveal the vari-
ables that have a second or higher-order significance through
interactions with other variables but that are not first-order
significant. Overall, the goal of this method is to discover all
the significant variables and their orders of significance which
is distinct from discovering all significant interactions. This is
why we do not exhaustively test for all possible interactions
between variables. If one variable has been tested as first-
order significant, we consider that any potential higher-order
significance that this variable could have in addition, do not
matter since this variable is already highlighted as signifi-
cant. However, if one’s goal is to discover all the significant
interactions between variables, the higher-order procedure
previously described can be easily adapted by going over all
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the variables and not only over the ones considered as non
significant by the first-order SFIT.

Since we expect the set of non-significant variables obtained
from the first-order SFIT to be smaller than p, the number of
pairs to consider for second-order SFIT should stay smaller
than p%. However the worst case scenario could still be of the
order p?, which can be computationally prohibitive in high-
dimensional settings. To overcome this issue, we propose the
following speed-up strategy for neural networks specifically.
By looking at the parameters matrix Wj 41 corresponding
to the linear map that goes from the input layer of size
(p + 1) to the first hidden layer of size h, we can flag the
pairs of variables that are likely to interact with each other.
Indeed, if the weights of the edges coming from feature j
and feature k to hidden node h have large values, then it
is likely that inputs j and k will interact. A quantitative
way to measure this potential interaction is by computing
the empirical covariance of the absolute parameters matrix
|W|, |W|*|W| where | - | represents the entry-wise absolute
value operator. Computing this covariance matrix still takes
hp? operations, but in most of programming languages this
operation can be done using BLAS functions that would
take only a couple of seconds even for p and h of the order
of thousands in a regular laptop. |W|7|W|;x can be used
to measure the potential of interaction between features j
and k. Then, for each feature j, we can look at the sorted
3" row of [W|T|W| and restrict the pairs to consider to
the I'" largest values. | would be a parameter chosen by
the user as a function of the dimension of the problem and
the computational power available. In a common case where
l << p, finding all the second-order significant features is
done in a computing time linear in the number of features.

Overall, the SFIT method give us a hierarchical ranking of
the importance of the features. The first-order SFIT identifies
all the variables that have a first order effect on the outcome.
Then the second-order SFIT selects the variables having a
significant second-order interaction with another variable but
that does not have a first-order effect. At each step, a global
significance test of the currently identified features can be
done to decide whether or not a higher-order SFIT should be
run on the model. The method was only described until the
second-order, but can be naturally extended to higher-order
interactions.

2.4 Extensions

Our method can be extended to different settings.

One way is to partition the inference set D2 to obtain
finer level of tests. For instance, in the case of a multi-class
classification problem, one can obtain the significant variables
per class by running the SFIT method on the observations
from D5 that belongs to each class. Another use-case is when
the dataset consists of a population with different subgroups.
One might be interested in analysing each subgroups inde-
pendently. Partitioning D2 according to the subgroups and
applying our procedure on each partition inform of the im-
portant variables per subgroup.
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Another way to extend this method is to consider different
choice of baseline losses to compute the A; We presented
the case where the baseline is defined by the intercept term
only. Using such a baseline informs on the predictive value
of adding one variable compared to not having any variables.
However, in some cases it might be interesting to assess the
impact of adding one new variable to a given set of variables.
This can be done by computing the baseline loss on the data
where all the variables are set to zero except for the ones in
the given set.

3 SIMULATION RESULTS

This section provides numerical results that illustrate the
properties of our proposed significance test. From a random
vector of seven independent features X = (Xi,...,X7) ~
N (0, I7), we consider the following data generating process:
Y =344X; + X1 X2 +3X3 +2X4 X5 + € where ¢ ~ N(0,07)
and o = 0.01. Both variables X; and X3 are first-order
significant while X2, X4 and X5 are second-order significant.
Variables Xg and X7 have no influence on Y and hence are
non-significant. An intercept variable is added to the set of
features. We generate a training, validation and testing sets
of 100000, 20000 and 10000 independent samples respectively.

A fully-connected neural network with two hidden layers
and ReLU activation function is fitted to the training set using
the Adam stochastic optimization method with step size 0.001
and exponential decay rates for the moment estimates of 0.9
and 0.999. We use a batch size of 32, a maximum number
of 50 epochs and an early stopping criterion that stops the
training when the validation error has not decreased by more
than 1072 for at least 5 epochs. The number of nodes in both
hidden layers is chosen so as to minimize the validation loss.
A network configuration of 150 nodes in the first layer and
50 in the second is found to perform best.

Given this choice of network architecture, we determine
the optimal § parameter using the model randomization
procedure described in sub-section 2.2. We search over values
of 8 from 107° to 10~* and generate 20 random models per
value of 8. A value of 8 = 1072 is obtained.

We then apply first-order SFIT with o = 0.05 and § =
1072, Only features X; and X3 are returned as first-order sig-
nificant as expected and the values of their test statistics and
confidence intervals can be found in Table 1. In order to de-
termine if it is necessary to look for second-order interactions,
we test for the presence of any significant second-order effects
and find that there are. We then apply second-order SFIT
with @ = 0.05 and 8 = 1072 and find that interactions (1,2)
and (4,5) are significant. The values of the corresponding
test statistics and confidence intervals can be found in Table
1. This means that features X2, X4 and X5 are second-order
significant. We finally test for the presence of any significant
third-order effects and find that there is none meaning that
we can stop the procedure.

As justified in section 2.3, we suggest to look at the net-
work parameters that connect the input layer to the first
hidden layer in order to speed-up the search for significant
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Table 1: Test statistics /i; and their associated confi-
dence intervals of the first and second-order signif-
icant features returned by the SFIT algorithm for
a=0.05, =102

Significant  fea- | m; 95%-Confidence
tures or pairs interval

X1 1.13 [1.06,1.21]

X3 0.224 [0.185,0.265]
(X1, X2) 0.01 [0.004,0.016]
(X4, X5) 0.048 [0.035,0.060]

interactions of features. A large entry at the position (,7) in
this matrix indicates a likely significant interaction between
features i and j. As confirmed in Figure 1, the largest entry
of the second row (X2’s row) is indeed at the first column,
pointing out interaction (1,2) as the most significant one.
The same is observed for the interaction between features X4
and X5 by looking at their corresponding rows. This confirms
that information from the parameters of the network can
indeed speed-up the search for interactions among features.

-10
—~
~ -8
m

L6
<
in P K: ) 4, 41 | 0.16 4
"8 019 o 0. 0.17 0.032 )

~ 0.19 0.18 0.023

Figure 1: Matrix |W|”7|W| where W is the matrix of
parameters connecting the input layer to the first
hidden layer of the fitted network.

‘We now compare SFIT performance with the LOCO method.

The output of LOCO tests can be found in Table 2. The
first advantage of the SFIT method is its computation time.
Indeed, it is an average 30 times faster to compute first-order
SFIT over LOCO. Besides, even though the LOCO feature
importance metric of non-informative features is smaller than
the predictive ones, the LOCO method still fails to filter-out
the two non-significant features. This confirms the importance
of “regularizing” the test procedure and the introduction of
the [ parameter that we propose to better control type-I
€rTors.

In order to better understand how the power and size
of our proposed test procedure vary as a function of the
parameters «, 8 and nz2, we repeat the testing procedure
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Table 2: Test statistics and their associated confi-
dence intervals of the features selected by the LOCO
algorithm for a = 0.05.

Significant  fea- | Test statistic 95%-Confidence
tures interval

X, 2.51 [2.46,2.57]

Xo 0.434 [0.420,0.448]

X3 2.18 [2.15,2.20]

X4 0.732 [0.706,0.754]

X5 0.740 [0.717,0.767]

X6 0.023 [0.020,0.025]

X7 0.006 [0.004, 0.008]

100 times over 100 different training and testing sets. We
record the fraction of time, each first order and second order
features are considered as significant. In Figures 2 and 3, we
show how it varies with different choice of o and 3. As we
can see, (3 seems to have a stronger effect on the power and
size of the test than a. The signals associated with first-order
effects are strong so they can be well discriminated from
noise using a value of 3 as large as 0.01. However, because
second-order effects have smaller signals, they are uncovered
with a smaller value of 8 ~ 0.001. As a general guidance, we
would recommend to use smaller values for the 8 parameter
when testing for higher-order effects. In Figure 4, we show
the sensitivity of the test with respect to the test size na.
The smaller the size of the inference set is, the smaller is the
power of the corresponding test. We recommend to use a size
of at least a couple thousands, larger number of test samples
do not seem to improve further the accuracy of the test.

100% -

80% A

60% A

40%

Percentage of significance

20%

0% -

1 2 3 4 5 (1,2) (4,5) (2,4) (2,5) (4,7)
Features and pairs of features

Figure 2: Percentage of time the features or pairs
of features are considered as significant over 100
tests for different values of § and for a = 0.05 and
ng = 10000.

We illustrated through these simulations the accuracy of
our test procedure. In the chosen regression setting, SFIT
successfully discriminated the significant features and inter-
actions from the non-informative ones. We highlighted its
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Figure 3: Percentage of time the features or pairs
of features are considered as significant over 100
tests for different values of 8 and for o = 0.01 and
no = 10000.
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Figure 4: Percentage of time the features or pairs of
features are considered as significant over 100 tests
for different values n» and for o = 0.05, 31 = 0.01 and
[2 = 0.001.

computational efficiency over the LOCO method and superior
robustness to noise. Finally, we gave more insights into the
effect of the method’s parameters on its performance.

4 EMPIRICAL RESULTS

In this section, the SFIT method is applied to the UCI credit
card defaults dataset from [28]. This dataset consists of 30,000
credit card holders payment data from a cash and credit card
issuer in Taiwan in October 2005. The response variable is a
binary default payment indicator (default = 1, no default = 0)
and is associated with 23 explanatory variables. Description
of the variables can be found in supplementary material.

As data pre-processing, we transform the categorical vari-
ables into dummies (this generates an overall number of 75
explanatory variables) and we normalize the continuous vari-
ables. The dataset is randomly splitted into a training (70%),
validation (20%) and testing (10%) set.
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A fully-connected neural network with ReLU activation
function is fitted to the training set by minimizing the binary
cross-entropy loss using the Adam stochastic optimization
method with step size 0.001 and exponential decay rates for
the moment estimates of 0.9 and 0.999. We use a batch size
of 32, a maximum number of 50 epochs and an early stopping
criterion that stops the training when the validation error
has not decreased by more than 10~ for at least 10 epochs.
The number of layers and nodes per hidden layers is chosen
through grid-search so as to minimize the validation loss.
This leads to a choice of architecture of 3 hidden layers with
100 nodes in the first layer, 50 in the second and 30 in the
third.

Because of the class imbalance (22.12% of default ob-
servations), we weight the loss function during training to
constraint the model to pay more attention to the under-
represented class and we measure the model classification
performance using the AUC score and the balanced classifi-
cation accuracy.

We apply the SFIT method on the trained neural network
model with o = 0.05 and 3 = 5e~2 found using the model
randomization procedure described in section 2.2. 24 variables
(out of 75 explanatory variables) are returned as first-order
significant and no second-order effect is found. The top-
10 significant variables are displayed in Table 4, sorted by
decreasing order of importance.

To compare the variables importance obtained from SFIT
with other ways of measuring the relative importance of
variables, we perform a sensitivity analysis of the neural
network output with respect to its inputs. Sensitivity analyses
also referred as gradient-based methods are commonly used
to measure variable importance [20], [2], [22], [14], [13]. We
define the importance of variable j, A; as:

1 oux)\’
vz ()

i€Ty

We report in Table 3 the importance as measured by J\;
of the ten most important variables. By comparing the top
three variables from the two methods, we can see that they
share 2 in common: PAY_0_payment_delay_for_two_month
and PAY_0_pay_duly. They then share across the top ten the
additional variable PAY_0_payment_delay_for_three_month in
common.

In order to assess the quality of the variable selection in-
duced by the significance tests, we retrain the neural network
on the subset of the 24 variables tested as significant by SFIT.
‘We can observe no significant degradation of predictive accu-
racy of the model even with less than a third of the original
variables as shown in Table 5.
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